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A BATYREV TYPE CLASSIFICATION OF
Q–FACTORIAL PROJECTIVE TORIC VARIETIES
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Abstract. The present paper is devoted to generalizing, inside the class of
projective toric varieties, the classification [2], performed by Batyrev in 1991
for smooth complete toric varieties, to the singular Q–factorial case.
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Introduction
The present paper is the third part of a longstanding tripartite study aimed at
realizing, for Q–factorial projective toric varieties, a classification inspired by what
V. Batyrev did in 1991 for smooth complete toric varieties [2]. The first part of this
study is given by [22], in which we studied Gale duality from the Z–linear point of
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2 M. ROSSI AND L.TERRACINI
view and defined poly weighted spaces (PWS, for short: see the following Definition
1.4) as Q-factorial complete toric varieties whose classes group is free. The second
part is given by [23], in which we exhibited a canonic covering PWS Y for every
Q–factorial complete toric variety X, such that the covering map Y → X is a
torus–equivariant Galois covering, induced by the multiplicative action of the finite
group µ(X) := Hom(Tors(Cl(X)),C∗) on Y and ramified in codimension greater
than or equal to 2. The reader will often be referred to these papers for notation,
preliminaries and results.
Considerably simplifying the situation, the main results of the present paper
could be summarized as follows:
Theorem 0.1. Given a Q–factorial projective toric variety X satisfying some good
conditions on an associated weight matrix (see [22, Def. 3.9] and Definition 1.3 be-
low) then X is birational and isomorphic in codimension 1 to a finite abelian quo-
tient of a PWS which is a toric cover (see Definition 2.17) of a weighted projective
toric bundle (WPTB) (see § 2.2.1).
Moreover X is isomorphic to a finite abelian quotient of a PWS which is a toric
cover of a WPTB if and only if its fan is associated with a chamber of the secondary
fan which is maximally bordering (maxbord) (see Definition 2.5) inside the Gale
dual (or GKZ) cone Q.
Finally X is isomorphic to a finite abelian quotient of a PWS produced from
a toric cover of a weighted projective space (WPS) by a sequence of toric covers
of weighted projective toric bundles if and only if its fan chamber is recursively
maxbord (see Definition 2.27) inside the Gale dual cone Q.
In any case the finite abelian quotient is trivial if and only if Cl(X) is a free
abelian group meaning that X is a PWS (recall [23, Thm. 2.1]).
This statement is the patching of theorems 3.4, 3.7 and 3.8 which are immediate
consequences, by [23, Thm. 2.2], of theorems 2.22, 2.24 and 2.28, respectively.
Before clarifying the meaning of emphasized terms in the statement above, let
us recall that this kind of results are mostly well known in the context of smooth
complete toric varieties. By this point of view, the first important result is proba-
bly given the Kleinschmidt classification of smooth projective toric varieties with
Picard number (in the following called rank) r ≤ 2 as suitable projective toric
bundles (PTB, for short) over a projective space of smaller dimension [16]. Later
P. Kleinschmidt and B. Sturmfels proved that every smooth complete toric variety of
rank r ≤ 3 is necessarily projective [17], so extending the Kleinschmidt classification
to the range of smooth complete toric variety of rank r ≤ 2. In 1991 V. Batyrev
generalized the Kleinschmidt classification by introducing the concepts of primitive
collection and of associated primitive relation [2, Definitions 2.6,7,8] (see also the
following § 2.1): namely he proved that a smooth complete toric variety X(Σ) is
a PTB over a toric variety of smaller dimension if and only if the fan Σ admits a
primitive collection with focus 0 (in the following also called nef : see 2.1) which
is disjoint from any other primitive collection of Σ [2, Prop. 4.1]. Consequently
a smooth complete toric variety X(Σ) is produced from a projective space by a
sequence of PTB if and only if Σ is a splitting fan [2, Def. 4.2, Thm. 4.3, Cor. 4.4].
Let us first of all underline that Batyrev’s techniques are deeply connected with
the smoothness hypothesis. In fact the starting step of the induction proving [2,
Thm. 4.3] does not more hold in the singular set up, even for projective varieties:
there exist projective Q–factorial toric varieties, of rank r ≥ 2, do not admitting
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any numerically effective primitive collection although all their primitive collections
are disjoint pair by pair. Example 2.31 gives an account of this situation. Even
for rank r = 1 the singular case looks to be significantly more intricate than the
smooth one, since the former necessarily involves some finite covering: in fact on
the one hand the unique smooth complete toric variety with r = 1 is given by the
projective space and on the other hand a Q–factorial complete toric variety with
r = 1 is a quotient of a weighted projective space (WPS, for short), as proved by
V. Batyrev and D. Cox [3] and by H. Conrads [7].
As already recalled, the latter result has been extended to every rank r by [23,
Thm. 2.2], here recalled by Theorem 3.2, allowing us to reducing the classification
of Q–factorial complete toric varieties to the problem of classifying their covering
PWS i.e. to classifying Q–factorial complete toric varieties with free classes group.
Bypassing counterexample 2.31 means characterizing those PWS admitting a nef
primitive collection. This is done by stressing remarks of C. Casagrande [5] and of
D. Cox and C. von Renesse [9], revising the original Batyrev definition of primitive
relation: § 2.1 is largely devoted to this purpose. The idea is that of dually thinking
of the numerical class of a primitive relation as a hyperplane in Cl(X)⊗ R, which
we called the supporting hyperplane of the primitive collection (see Definition 2.1).
By applying Z–linear Gale duality developed in [22], in § 1.2 a linear algebraic
interpretation of the secondary (or GKZ) fan is proposed. More precisely, given a
F–matrix V (see Definition 1.2) we can choose a Gale dual W–matrix Q = G(V )
(see Definition 1.3 and [22, § 3.1]) such that Q is a positive and in row echelon
form (REF) matrix (see [22, Thm. 3.18] and the following Proposition 1.6). The
secondary fan can then be thought of as a suitable fan whose support is given by
the strongly convex cone Q = 〈Q〉, called the Gale dual cone and generated by the
columns of the weight matrix Q. This gives a Z–linear algebraic interpretation of
the duality linking simplicial fans generated by the columns of the fan matrix V and
bunches of cones, in the sense of [4], inside the Gale dual cone Q, in terms of the
Z–linear Gale duality linking submatrices of V and Q exhibited by [22, Thm. 3.2]:
in particular this gives a bijection between simplicial fans Σ giving Q–factorial
projective toric varieties X whose fan matrix is V and r–dimensional subcones γ
of Q (called chambers) obtained as intersection of the cones in the corresponding
bunch of cones. In particular Q turns out to be contained in the positive orthant F r+
of Cl(X)⊗R and the properties of a primitive collection P for Σ can be thought of in
terms of mutual position of the corresponding support hyperplane HP with respect
to the fan chamber γ (see Propositions 2.2 and 2.3). E.g. P is numerically effective
if and only if HP cut out a facet of the Gale dual cone Q i.e. P is a bordering
primitive collection, in the sense of Definition 2.5. Moreover a chamber γ ⊆ Q is
called (maximally) bordering if it admits a (facet) face lying on the boundary ∂Q.
Theorem 2.11 exhibits precise relation between bordering chambers and bordering
primitive collections so giving the characterization of those PWS admitting a nef
primitive collection we are looking for: it is the generalization of [2, Prop. 3.2] to
the singular Q–factorial set up. Then extension of the Batyrev classification to the
singular Q–factorial case is given by Theorem 2.22: in particular the latter together
Proposition 2.25 generalizes [2, Prop. 4.1], together Proposition 2.26 generalizes [2,
Thm. 4.3] and together Theorem 2.28 generalizes [2, Cor. 4.4].
Let us then come back to explain the obscure hypothesis in the statement of
Theorem 0.1 above: good conditions on the associated weight matrix means that Q
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can be set in a positive REF such that, by deleting the bottom row and the last
s+ 1 columns on the right, one still get an (almost) W–matrix Q′ which will give
a weight matrix of the s–fibration basis. In other words this condition means that
the Gale dual cone Q may admit a maximally bordering fan chamber, which is
the generalization of Batyrev’s condition requiring the existence of a nef primitive
collection disjoint from any further primitive collection of the same fan.
From the geometric point of view, a maximally bordering chamber corresponds
to giving a fibering morphism whose fibers are a suitable abelian quotient of a
weighted projective space (called a fake WPS ): this is a well known fact which
is essentially rooted in Reid’s work [20]. See also [15, Prop. 1.11] and [6, § 2] for
more recent results suggesting possible interesting applications, of techniques here
presented, in the more general setup of Mori Dream Spaces. As explained in § 2.4,
Remark 2.39 and Remark 3.5, this fibering morphism gives the Stein factorization
of the toric cover of a WPTB exhibited by Theorem 2.22, and more generally by
the previous Theorem 0.1, so obtaining a commutative diagram
X(Σ)
fake WPS
fibering φ

f
finite // PW (E)
ϕ WPTB

X0(Σ0)
f0
finite
// X ′(Σ′)
whose vertical morphisms have connected fibers and whose horizontal ones are
finite morphisms of toric varieties. Notice that if X is smooth then both the finite
toric morphisms f and f0 are trivial giving that φ = ϕ is precisely the Batyrev’s
projective toric bundle. The right hand side factorization ϕ ◦ f presents the great
advantage of being constructively described, giving a procedural approach to an
effective determination of all the morphisms and varieties involved, as examples in
§ 2.7 show. The last procedure can be easily implemented in any computer algebra
package (we used Maple to perform all the necessary computations).
Let us now describe the structure of this paper and quickly summarize the further
obtained results.
§ 1 is firstly devoted to introduce notation and preliminaries: the long list of
notation in § 1.1 recalls lot of symbols defined in [22] and [23]. Then § 1.2 is
dedicated to introduce the above mentioned Z–linear algebraic interpretation of
the secondary fan. Theorem 1.8 bridges between the linear algebraic secondary fan
defined in Definition 1.7 and the usual secondary fan of a Q–factorial complete toric
variety. The bijection and Z–linear Gale duality between projective fans and GKZ
chambers are established by Theorem 1.9.
The long § 2 is the main part of the present paper, in which the above described
Batyrev–type classification of PWS is performed. § 2.1 is devoted to revising the
concept of a primitive collection and to introducing all the bordering notion for
collections and chambers with respect to the Gale dual coneQ. In § 2.2 we introduce
the main ingredients useful for the classification. § 2.2.1 is dedicated to define a
weighted projective toric bundle (WPTB) PW (E) as the Proj of the W–weighted
symmetric algebra SW (E) over a locally free sheaf E . In Proposition 2.16 we describe
the fan of a WPTB, as a Q–factorial toric variety, along the lines of what is done
in [10, Prop. 7.3.3] for a projective toric bundle (PTB). § 2.2.2 is devoted to recall
the concept of a toric cover, as defined in [1]. § 2.3 is the core of the present paper
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with Theorem 2.22 and, from the birational point of view (i.e. up to toric flips as
defined in § 1.3), Theorem 2.24. The geometric meaning of a maxbord chamber is
explained in § 2.4, as already described above. In § 2.5 we give the generalization,
in the singular Q–factorial setting, of Batyrev’s concept of a splitting fan, giving
rise to Theorem 2.28. In particular, when r ≤ 3, Theorem 2.33 and Remark 2.30
give a partial extension to the singular Q–factorial case of Batyrev’s results on the
number of primitive relations (see [2, § 5 and 6]). § 2.6 is devoted to giving some
partial generalization, to the Q–factorial set up, of results about contractible classes
on smooth projective toric varieties due to C. Casagrande [5] and H. Sato [27]: our
study is limited to the case of numerically effective classes (see Proposition 2.36 and
Theorem 2.38). The last subsection § 2.7 is devoted to give an extensive treatment
of applications of all the techniques described, by means of five examples: here it is
rather important for the reader to be equipped with some computer algebra package
which has the ability to produce Hermite and Smith normal forms of matrices and
their switching matrices. For example, using Maple, similar procedures are given
by HermiteForm and SmithForm with their output options.
Let us notice that the last Example 2.44 exhibits the case of a (4–dimensional)
Q–factorial complete toric variety of Picard number r = 3 whose Nef cone is 0, i.e.
which does not admit any non–trivial numerical effective divisor: we think this is
a significant and new example since in the smooth case O. Fujino and S. Payne
proved that this is not possible for r ≤ 4, at least for dimension ≤ 3 [11]. For
further considerations about this subject see Remark 2.45.
Finally the conclusive § 3 is devoted to apply results obtained in the previous
§ 2 for PWS to the case of a general Q–factorial projective toric variety. The above
Theorem 0.1 is the patching of results here stated. This section ends up with a
further example aimed to classifying a Q–factorial projective variety which is not a
PWS.
Acknowledgements. We would like to thank Cinzia Casagrande for helpful con-
versations and suggestions. We are also indebt with Brian Lehmann who pointed
out to us the reference [12]. Last but not least we thank Daniela Caldini for her
invaluable contribution in making the figures of the present paper.
1. Preliminaries and notation
The present paper is the third episode of a long study on Q–factorial complete
toric varieties. On the one hand, this is a further application of the Z–linear Gale
Duality developed in the first paper [22], to which the reader is referred for nota-
tion and all the necessary preliminary results. In particular for what concerning
notation on toric varieties, cones and fans, the reader is referred to [22, § 1.1], for
linear algebraic preliminaries about normal forms of matrices (Hermite and Smith
normal forms - HNF and SNF for short) to [22, § 1.2]. Z–linear Gale Duality and
what is concerning fan matrices (F–matrices) and weight matrices (W -matrices) is
developed in [22, § 3]. On the other hand, the results here presented are a con-
sequence of the fact that a Q–factorial complete toric variety X is always a finite
geometric quotient of a poly weighted space (PWS) Y , which turns out to be the
universal 1–connected in codimension 1 covering (1–covering) of X [23, Def. 1.5,
Thm. 2.2].
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Every time the needed nomenclature will be recalled either directly by giving
the necessary definition or by reporting the precise reference. Here is a list of main
notation and relative references:
1.1. List of notation.
Let X(Σ) be a n–dimensional toric variety and T ∼= (C∗)n the acting torus, then
M,N,MR, NR denote the group of characters of T , its dual group and
their tensor products with R, respectively;
Σ ⊆ NR is the fan defining X;
Σ(i) is the i–skeleton of Σ, which is the collection of all the
i–dimensional cones in Σ;
|Σ| is the support of the fan Σ, i.e. |Σ| =
⋃
σ∈Σ
σ ⊆ NR;
det(σ) := |det(Vσ)| for a simplicial cone σ ∈ Σ(n) whose primitive
generators give the columns of Vσ;
unimodular σ if det(σ) = 1;
r = rk(X) is the Picard number of X, also called the rank of X;
P = P(1, . . . , n+ r) is the power set of the set of indexes {1, . . . , n+ r};
F rR
∼= Rr, is the R–linear span of the free part of Cl(X(Σ));
F r+ is the positive orthant of F
r
R ∼= Rr;
〈v1, . . . ,vs〉 ⊆ NR denotes the cone generated by the vectors v1, . . . ,vs ∈ NR;
if s = 1 then this cone is also called the ray generated by v1;
L(v1, . . . ,vs) ⊆ N denotes the sublattice spanned by v1, . . . ,vs ∈ N .
Let A ∈M(d,m;Z) be a d×m integer matrix, then
Lr(A) ⊆ Zm denotes the sublattice spanned by the rows of A;
Lc(A) ⊆ Zd denotes the sublattice spanned by the columns of A;
AI , A
I ∀ I ⊆ {1, . . . ,m} the former is the submatrix of A given by
the columns indexed by I and the latter is the submatrix of
A whose columns are indexed by the complementary
subset {1, . . . ,m}\I;
sA ,
sA ∀ 1 ≤ s ≤ d the former is the submatrix of A given by the
lower s rows and the latter is the submatrix of A given by
the upper s rows of A;
HNF(A) , SNF(A) denote the Hermite and the Smith normal forms of A,
respectively;
REF Row Echelon Form of a matrix;
positive (≥ 0) a matrix (vector) whose entries are non-negative.
strictly positive (> 0) a matrix (vector) whose entries are strictly positive.
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Given a F–matrix V = (v1, . . . ,vn+r) ∈M(n, n+ r;Z) (see Definition 1.2 below),
then
〈V 〉 = 〈v1, . . . ,vn+r〉 ⊆ NR denotes the cone generated by the columns of V ;
SF(V ) = SF(v1, . . . ,vn+r) is the set of all rational simplicial fans Σ such that
Σ(1) = {〈v1〉, . . . , 〈vn+r〉} ⊂ NR [22, Def. 1.3];
PSF(V ) := {Σ ∈ SF(V ) | X(Σ) is projective};
G(V ) = Q is a Gale dual matrix of V [22, § 3.1];
Q = 〈G(V )〉 ⊆ F r+ is a Gale dual cone of 〈V 〉 : it is always assumed to be
generated in F rR by the columns of a positive REF matrix Q = G(V )
(see Proposition 1.6 below).
V red is the reduced matrix of V [22, Def. 3.13] whose columns are given by
the primitive generators of 〈vi〉, with 1 ≤ i ≤ n+ r.
Qred = G (V red) is the reduced matrix of Q = G(V ) [22, Def. 3.14].
Let us start by recalling four fundamental definitions:
Definition 1.1. A n–dimensional Q–factorial complete toric variety X = X(Σ) of
rank r is the toric variety defined by a n–dimensional simplicial and complete fan
Σ such that |Σ(1)| = n+ r [22, § 1.1.2]. In particular the rank r coincides with the
Picard number i.e. r = rk(Pic(X)).
Definition 1.2 ([22], Def. 3.10). An F–matrix is a n × (n + r) matrix V with
integer entries, satisfying the conditions:
a) rk(V ) = n;
b) V is F–complete i.e. 〈V 〉 = NR ∼= Rn [22, Def. 3.4];
c) all the columns of V are non zero;
d) if v is a column of V , then V does not contain another column of the form
λv where λ > 0 is real number.
A CF–matrix is a F -matrix satisfying the further requirement
e) the sublattice Lc(V ) ⊂ Zn is cotorsion free, which is Lc(V ) = Zn or,
equivalently, Lr(V ) ⊂ Zn+r is cotorsion free.
A F–matrix V is called reduced if every column of V is composed by coprime entries
[22, Def. 3.13].
The most significant example of F -matrix is given by a matrix V whose columns
are integral vectors generating the rays of the 1-skeleton Σ(1) of a rational fan Σ.
In the following a similar matrix V will be called a fan matrix of Σ; when every
column of V is composed by coprime entries, it will be called a reduced fan matrix.
Definition 1.3. [22, Def. 3.9] A W–matrix is an r× (n+ r) matrix Q with integer
entries, satisfying the following conditions:
a) rk(Q) = r;
b) Lr(Q) has not cotorsion in Zn+r;
c) Q is W–positive, which is Lr(Q) admits a basis consisting of positive vectors
(see list 1.1 and [22, Def. 3.4]).
d) Every column of Q is non-zero.
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e) Lr(Q) does not contain vectors of the form (0, . . . , 0, 1, 0, . . . , 0).
f) Lr(Q) does not contain vectors of the form (0, a, 0, . . . , 0, b, 0, . . . , 0), with
ab < 0.
A W–matrix is called reduced if V = G(Q) is a reduced F–matrix [22, Def. 3.13,
Thm. 3.15].
In the following, if V is a fan matrix of a rational fan Σ then Q = G(V ) is called
a weight matrix of Σ. If V is reduced then Q is a called a reduced weight matrix.
Definition 1.4 ([22] §2.2). A poly weighted space (PWS) is a n–dimensional Q–
factorial complete toric variety Y (Σ̂) of rank r, whose reduced fan matrix V̂ (see
[22, Def. 3.13]) is a CF–matrix i.e. if
• V̂ is a n× (n+ r) CF–matrix,
• Σ̂ ∈ SF(V̂ ).
Let us recall that a Q–factorial complete toric variety Y is a PWS if and only if
it is 1-connected in codimension 1 (or simply 1-connected): since Y is normal it is
equivalent to ask for pi1(Yreg) ∼= Tors(Cl(Y )) = 0 [23, Cor. 1.8, Thm. 2.1], where
Yreg ⊆ Y is the Zariski open subset of regular points.
Example 1.5. In order to explain the introduced notation, consider a smooth and
complete toric variety X(Σ), of dimension and rank equal to 3, with reduced fan
matrix V given by
V =
 1 0 0 0 −1 10 1 0 0 −1 1
0 0 1 −1 −1 1

i.e. such that Σ ∈ SF(V ). One can check that V supports only two complete and
simplicial rational fans admitting every column of V as a ray generator; that is
SF(V ) = {Σ1,Σ2}, where Σ1 and Σ2 are the fans of cones obtained as all possible
faces of the following lists of maximal cones:
Σ1(3) = {{1, 4, 5}, {1, 3, 5}, {2, 4, 5}, {2, 3, 5}, {2, 4, 6}, {2, 3, 6}, {1, 4, 6}, {1, 3, 6}}
Σ2(3) = {{1, 4, 5}, {1, 3, 5}, {2, 4, 5}, {2, 3, 5}, {1, 2, 4}, {2, 3, 6}, {1, 3, 6}, {1, 2, 6}}
(here a maximal simplicial cone 〈VI〉 is identified to the subset of column indexes
I ⊆ {1, . . . , n+ r}).
Both Σ1 and Σ2 are smooth, so giving two possible choices for X(Σ). Moreover
[17] guarantees that those fans are both projective, that is PSF(V ) = SF(V ). A
weight matrix of X is given by the choice of a Gale dual matrix of V
Q =
 1 1 1 0 1 00 0 1 1 0 0
0 0 0 0 1 1
 = G(V ) .
Both V and Q are reduced and V is even a CF -matrix, so giving that X is a PWS.
1.2. The secondary fan. Let us here introduce a linear algebraic interpretation
of the secondary (or GKZ ) fan of a toric variety X. For any further detail about
the secondary fan of a toric variety X(Σ), we refer the interested reader to the
comprehensive monograph [10] and references therein: among them let us recall
the original sources ([13], [14] and [19]).
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Let V = (v1, . . . ,vn+r) be a reduced F–matrix and Q := G(V ) = (q1, . . . ,qn+r)
an associated W–matrix. Consider the cone generated by the columns of Q
Q = 〈Q〉 := 〈q1, . . . ,qn+r〉.
For every Σ ∈ SF(V ), one gets |Σ| = 〈V 〉 = NR. Then Q turns out to be a strongly
convex cone in F rR := F
r⊗R, where F r = Free(Cl(X(Σ))) ∼= Zr [10, Lemma 14.3.2].
Recalling [22, Theorems 3.8, 3.18] we are able to improve this fact:
Proposition 1.6. Let F r+ denote the positive orthant of F
r
R. Then 〈V 〉 = NR if
and only if there exists a positive REF–matrix Q such that Q = G(V ) and Q =
〈Q〉 ⊂ F r+. In particular, for every Σ ∈ SF(V ), X = X(Σ) is complete if and only
if there exists a positive REF–matrix Q such that Q = G(V ) and Q = 〈Q〉 ⊂ F r+.
In the following, given a reduced F–matrix V , we will always assume the cone
Q ⊆ F r+ and generated by the columns of a positive REF matrix Q = G(V ).
Definition 1.7. Let Sr be the family of all the r–dimensional subcones of Q ob-
tained as intersection of simplicial subcones of Q. Then define the secondary fan
(or GKZ decomposition) of V to be the set Γ = Γ(V ) of cones in F r+ such that
• its subset of r–dimensional cones (the r–skeleton) Γ(r) is composed by the
minimal elements, with respect to the inclusion, of the family Sr,
• its subset of i–dimensional cones (the i–skeleton) Γ(i) is composed by all
the i–dimensional faces of cones in Γ(r), for every 1 ≤ i ≤ r − 1.
A maximal cone γ ∈ Γ(r) is called a chamber of the secondary fan Γ. Finally define
(1) Mov(V ) :=
n+r⋂
i=1
〈
Q{i}
〉
,
where
〈
Q{i}
〉
is the cone generated in F r+ by the columns of the submatrix Q
{i} of
Q (see the list of notation 1.1).
Theorem 1.8. If V is a F–matrix then, for every Σ ∈ SF(V ),
(1) Q = Eff(X(Σ)), the pseudo–effective cone of X, which is the closure of the
cone generated by effective Cartier divisor classes of X [10, Lemma 15.1.8],
(2) Mov(V ) = Mov(X(Σ)), the closure of the cone generated by movable Cartier
divisor classes of X [10, (15.1.5), (15.1.7), Thm. 15.1.10, Prop. 15.2.4].
(3) Γ(V ) is the secondary fan (or GKZ decomposition) of X(Σ) [10, § 15.2]. In
particular Γ is a fan and |Γ| = Q ⊂ F r+.
Theorem 1.9 ([10] Prop. 15.2.1). There is a one to one correspondence between
the following sets
AΓ(V ) := {γ ∈ Γ(r) | γ ⊂ Mov(V )}
PSF(V ) := {Σ ∈ SF(V ) | X(Σ) is projective} .
For the following it is useful to understand the construction of such a correspon-
dence. Namely (compare [10] Prop. 15.2.1):
• after [4], given a chamber γ ∈ AΓ let us call the bunch of cones of γ the
collection of cones in F r+ given by
B(γ) := {〈QJ〉 | J ⊂ {1, . . . , n+ r}, |J | = r, det (QJ) 6= 0, γ ⊂ 〈QJ〉}
(see also [10, p. 738]),
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• it turns out that ⋂β∈B(γ) β = γ ,
• for any γ ∈ AΓ(V ) there exists a unique fan Σγ ∈ PSF(V ) such that
Σγ(n) :=
{〈
V J
〉 | 〈QJ〉 ∈ B(γ)} ,
• for any Σ ∈ PSF(V ) the collection of cones
(2) BΣ :=
{〈
QI
〉 | 〈VI〉 ∈ Σ(n)}
is the bunch of cones of the chamber γΣ ∈ AΓ given by γΣ :=
⋂
β∈BΣ β.
Then the correspondence in Theorem 1.9 is realized by setting
AΓ(V ) ←→ PSF(V )
γ 7−→ Σγ
γΣ 7 −→ Σ
Remark 1.10. Notice that in the previous picture we get well established bijections
∀ γ ∈ AΓ(V ) B(γ) ←→ Σγ(n)〈QJ〉 7−→
〈
V J
〉
∀Σ ∈ PSF(V ) Σ(n) ←→ BΣ〈VI〉 7−→
〈
QI
〉 .
A significant consequence of [22, Cor. 3.3] is that these bijections preserve, possibly
up to a constant integer, the determinants of generating submatrices, which is
(3) δ · | det (QJ) | = |det
(
V J
) | and |det (VI) | = δ · | det (QI) | ,
where δ = 1 if and only if V is a CF–matrix. Therefore, in the following, when
V is a CF–matrix, a chamber γ ∈ AΓ(V ) will be called non-singular if the bunch
of cones B(γ) is entirely composed by unimodular cones (as defined in list 1.1) or,
equivalently, if the associated fan Σγ ∈ PSF(V ) is non-singular.
As a final result let us recall the following
Proposition 1.11 ([10] Thm. 15.1.10(c)). If V = (v1 . . . ,vn+r) is a F–matrix
then, for every fan Σ ∈ PSF(V ), there is a natural isomorphism Pic(X(Σ))⊗R ∼=
F rR taking the cones
Nef(X(Σ)) ⊆ Mov(X(Σ)) ⊆ Eff(X(Σ))
to the cones
γΣ ⊆ Mov(V ) ⊆ Q .
In particular, calling d : WT (X(Σ)) → Cl(X(Σ)) the morphism giving to a torus
invariant divisor D its linear equivalence class d(D), we get that:
(1) a Q–Cartier divisor D on X(Σ) is a nef (ample) divisor if and only if
d(D) ∈ γΣ ( d(D) ∈ Relint (γΣ), where Relint denotes the interior of the
cone γΣ in its linear span),
(2) X(Σ) is Q–Fano if and only if
n+r∑
j=1
d(Dj) ∈ Relint (γΣ)
where Dj is the closure of the torus orbit of the ray 〈vj〉.
CLASSIFICATION OF Q–FACTORIAL PROJECTIVE TORIC VARIETIES 11
Figure 1. Ex. 2.40: the section of the cone Mov(V ) and its chambers,
inside the Gale dual cone Q = F 3+, as cut out by the plane
∑3
i=1 x
2
i = 1.
Example 1.12 (Example 1.5 continued). Let X(Σ) be one of the two possible smooth
and projective toric varieties defined in Example 1.5. One can visualize the pseudo-
effective cone Eff(X(Σ)), that is the Gale dual cone Q = 〈Q〉 = F 3+, and the
movable cone Mov(V ) ⊆ Q by giving a picture of their section with the hyperplane
{x1 + x2 + x3 = 1} ⊆ F 3R ∼= Cl(X)⊗ R, as in Fig. 1.
PSF(V ) = SF(V ) can be dually described by the only two chambers of Mov(V )
represented in Fig. 1 and explicitly given by
γ1 = 〈q1 = q2,q3,q5〉 =
〈
1 1 1
0 1 0
0 0 1
〉
, γ2 = 〈q3,w,q5〉 =
〈
1 1 1
1 1 0
0 1 1
〉
Mov(V ) = 〈q2,q3,w,q5〉 = γ1 + γ2
where, as usual, q1, . . . ,q6 are the columns of Q and w := q3 + q6 = q4 + q5 .
Then PSF(V ) = SF(V ) = {Σ1 = Σγ1 ,Σ2 = Σγ2} and γi = Nef(X(Σi)), i = 1, 2.
1.3. Toric flips. In the present context, a toric flip will be a torus–equivariant
birational equivalence of projective Q–factorial toric varieties which is an isomor-
phism in codimension 1. A toric flip is a composition of elementary flips and a toric
isomorphism [10, Thm. 15.3.14]: given a reduced F–matrix V , an elementary flip
is defined as the birational equivalence realized by passing, inside Mov(V ), from a
chamber to another one, just crossing a wall [10, (15.3.14)].
E.g. in the previous examples 1.5 and 1.12, the smooth projective toric varieties
X(Σ1) and X(Σ2) are related by an elementary flip, obtained by crossing the wall
determined by cutting Q with the plane containing q3 and q5 (see Fig. 1). Hence
they are isomorphic in codimension 1.
2. The Batyrev classification revised
In the present section we are going to propose an alternative approach to Batyrev’s
results presented in [2, § 3, 4], not depending on the smoothness hypothesis and
holding for the case of a Q–factorial projective toric variety.
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2.1. Primitive relations and bordering chambers. Given a reduced F–matrix
V = (v1, . . . ,vn+r) and a fan Σ ∈ SF(V ), the datum of a collection of rays
P = {ρ1, . . . , ρk} ⊆ Σ(1) determines a subset P = {j1, . . . , jk} ⊆ {1, . . . , n + r}
such that
P = {ρ1, . . . , ρk} = {〈vj1〉, . . . , 〈vjk〉}
and a submatrix VP of V .
2.1.1. Notation. By abuse of notation we will often write
P = {vj1 , . . . ,vjk} = {VP } .
From the point of view of the Gale dual cone Q = 〈Q〉, where Q = (q1, . . . ,qn+r) =
G(V ) is a reduced, positive, REF, W–matrix, the subset P ⊆ {1, . . . , n+ r} deter-
mines the collection P∗ = {〈qj1〉, . . . , 〈qjk〉} ⊆ Γ(1). By the same abuse of notation
we will often write
P∗ = {qj1 , . . . ,qjk} = {QP } .
The vector vP :=
∑k
i=1 vji lies in the relative interior of a cone σ ∈ Σ and there is
a unique relation
(4) vP −
∑
ρ∈σ(1)
cρvρ = 0 with 〈vρ〉 = ρ ∩N and cρ ∈ Q , cρ > 0
This fact allows us to define a rational vector r(P ) = r(P) = (b1, . . . , bn+r) ∈ Qn+r,
where bj is the coefficient of the column vj of V in (4). Let l be the least common
denominator of b1, . . . , bn+r. Then,
(5) rZ(P ) = rZ(P) := l r(P) = (lb1, . . . , lbn+r) ∈ Lr(Q) ⊂ Zn+r .
Let us recall that a collection P ⊂ Σ(1) is called primitive for Σ if it is not contained
in a single cone of Σ but every proper subset of P is (compare [2, Def. 2.6], [9,
Def. 1.1], [10, Def. 5.1.5]). If P is a primitive collection then it is determined by
the positive entries in rZ(P) (for the details see [9, Lemma 1.8]); this is no more
the case if P is not a primitive collection.
Consider the Q-factorial complete toric variety X = X(Σ) and recall the standard
exact sequence on divisors
(6) 0 // M
div
V T
// WT (X) = Zn+r d // Cl(X) // 0 .
where WT (X) denotes the group of torus-invariant Weil divisors. Dualizing this
sequence, one gets the following exact sequence of free abelian groups
(7) 0 // A1(X) := Hom(Cl(X),Z)
d∨
QT
// Hom(WT (X),Z) = Zn+r div
∨
V
// N
Then (5) gives that rZ(P ) ∈ Im(d∨). Since d∨ is injective there exists a unique
nP ∈ A1(X) such that
(8) d∨(nP ) = QT · nP = rZ(P )
which turns out to be the numerical equivalence class of the 1-cycle rZ(P ), whose
intersection index with the torus–invariant Weil divisor lDj is given by the integer
lbj , for every 1 ≤ j ≤ n + r. In particular, given a primitive collection P the
associated primitive relation rZ(P ) is a numerically effective 1-cycle (nef) if and
only if all the coefficients lbj in (5) are non-negative: in this case P will be called
a numerically effective (nef) primitive collection.
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Definition 2.1. Given a collection P = {VP }, for P ⊆ {1, . . . , n+r}, its associated
numerical class nP ∈ N1(X) := A1(X) ⊗ R, defined in (8), determines a unique
dual hyperplane
HP ⊆ F rR = Cl(X)⊗ R
which is called the support of P, a positive half-space H+P := {x ∈ F rR |nP · x ≥ 0}
and a negative half-space H−P := {x ∈ F rR |nP · x ≤ 0}.
CallingP = P({1, . . . , n+r}) the power set of {1, . . . , n+r}, notation introduced
in 2.1.1 allows us to think of the set of primitive collections of a fan Σ ∈ SF(V ) as
a suitable subset of P, namely
PC(Σ) = {P ∈ P | {VP } is a primitive collection} .
The following proposition gives some further characterization of a primitive col-
lection.
Proposition 2.2. Let V be a reduced F–matrix, Q = G(V ) be a Gale dual REF,
positive W–matrix, Σ ∈ PSF(V ) and P ∈ PC(Σ) such that P = {VP } is a primitive
collection for Σ. Then |P| = |P | ≤ n+ 1 and the following facts are equivalent:
(1) P is a primitive collection for Σ, which is
(i.1) ∀σ ∈ Σ(n) P * σ(1),
(ii.1) ∀ ρi ∈ P ∃σ ∈ Σ(n) : P\{ρi} ⊆ σ(1);
(2) VP is a submatrix of V such that
(i.2) ∀ J ⊆ {1, . . . , n+ r} : 〈VJ〉 ∈ Σ(n) 〈VP 〉 * 〈VJ〉,
(ii.2) ∀ i ∈ P ∃ J ⊆ {1, . . . , n+ r} : 〈VJ〉 ∈ Σ(n) , 〈VP\{i}〉 ⊆ 〈VJ〉;
(3) QP is a submatrix of Q = G(V ) such that
(i.3) ∀ J ⊆ {1, . . . , n+ r} : 〈QJ〉 ∈ B(γΣ) 〈QJ〉 * 〈QP 〉,
(ii.3) ∀ i ∈ P ∃ J ⊆ {1, . . . , n+ r} : 〈QJ〉 ∈ B(γΣ) , 〈QJ〉 ⊆ 〈QP\{i}〉;
(4) QP is a submatrix of Q = G(V ) such that
(i.4) γΣ * 〈QP 〉,
(ii.4) ∀ i ∈ P γΣ ⊆ 〈QP\{i}〉.
Moreover the previous conditions (ii.1), (ii.2), (ii.3), (ii.4) are equivalent to the
following one:
(ii) ∀ i ∈ P ∃ Ci,P ∈ B(γΣ) : Ci,P (1) ∩ P∗ = {〈qi〉} .
Proof. First of all let us notice that if |P| ≥ n + 2 then condition (ii.1) can’t be
satisfied since every cone σ ∈ Σ(n) is simplicial, implying that |σ(1)| = n < n+1 ≤
|P| − 1. Then |P| ≤ n+ 1 for a primitive collection.
The equivalence (1) ⇔ (2) is clear. The equivalence (2) ⇔ (3) follows by Gale
duality and Theorem 1.9. For the equivalence (3)⇔ (4):
(i.3)⇒ (i.4): (i.4) is always true when |P | = n+ 1 because dim(〈QP 〉) ≤ r−1. Let
us then assume |P | ≤ n and assume that γΣ ⊆ 〈QP 〉. Then there certainly exists a
simplicial subcone of 〈QP 〉 containing γΣ, which is
(9) ∃ J ⊆ {1, . . . , n+ r} : 〈QJ〉 ∈ B(γΣ) , 〈QJ〉 ⊆ 〈QP 〉
contradicting (i.3).
(i.4)⇒ (i.3): Assume (9). Then γΣ ⊆ 〈QJ〉 ⊆ 〈QP 〉, contradicting (i.4).
(ii.3)⇒ (ii.4): By (ii.3), γΣ ⊆ 〈QJ〉 ⊆ 〈QP\{i}〉, clearly giving (ii.4).
(ii.4)⇒ (ii.3): Since |P | − 1 ≤ n, assuming γΣ ⊆ 〈QP\{i}〉 always give a simplicial
subcone 〈QJ〉 of 〈QP\{i}〉 containing γΣ. Then (ii.3) follows.
For the last part:
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(ii.4)⇒ (ii) : if |P | − 1 = n then define Ci,P := 〈QP\{i}〉 which is a simplicial cone;
if |P | ≤ n then 〈QP\{i}〉 ⊇ γΣ and |〈QP\{i}〉(1)| ≥ r + 1; consider the simplicial
star-subdivision of 〈QP\{i}〉 having center in the ray qi ∈ P∗; in this subdivision let
Ci,P be the unique simplicial subcone containing γΣ, which exists by the definition
of the secondary fan Γ; being Ci,P ⊆ 〈QP\{i}〉 then Ci,P (1) ∩ (P∗\{〈qi〉}) = ∅; but
〈qi〉 ∈ Ci,P (1) by construction; then Ci,P (1) ∩ P∗ = {〈qi〉});
(ii)⇒ (ii.3) : set 〈QJ〉 := Ci,P ; then
〈QJ〉(1) ∩ (P∗\{〈qi〉}) = Ci,P (1) ∩ (P∗\{〈qi〉}) = ∅ ⇒ 〈QJ〉 ⊆ 〈QP\{i}〉

Let NE(X) ⊆ N1(X) be the Mori cone, generated by the numerical classes of
effective curves. M. Reid proved that NE(X) is closed and polyhedral when X
is a Q–factorial complete toric variety ([20, Cor. (1.7)]) and generated by classes
of torus–invariant curves. When X is smooth, C. Casagrande ensures that the
numerical class nP , of a primitive relation rZ(P ), belong to A1(X) ∩ NE(X) [5,
Lemma 1.4]. D. Cox and C. von Renesse generalize and improve this fact to toric
varieties whose fan has convex support, showing that the Mori cone is generated
by numerical classes of primitive relations [9, Propositions. 1.9 and 1.10], namely
(10) NE(X) =
∑
P∈PC(Σ)
R+nP .
In particular we get the following
Proposition 2.3 (Lemma 1.4 in [5], Prop. 1.9 in [9]). If P = {VP } is a primitive
collection, for some P ∈ PC(Σ), then its numerical class nP is positive against
every nef divisor of X(Σ), which is γΣ ⊆ H+P .
Dualizing (10) we get the following description of the closure of the Ka¨hler cone
(11) Nef(X) =
⋂
P∈PC(Σ)
H+P .
Then Proposition 2.2 allows us to give the following alternative description of this
cone:
Corollary 2.4. Let V be a reduced F–matrix, Q = G(V ) be a REF, positive W–
matrix and Σ ∈ PSF(V ). Then
Nef(X(Σ)) =
⋂
i∈P∈PC(Σ)
〈
QP\{i}
〉
.
Proof. By Proposition 1.11, Nef(X(Σ)) = γΣ =
⋂
β∈B(γΣ) β; then clearly
Nef(X(Σ)) ⊆
⋂
i∈P∈PC(Σ)
Ci,P ⊆
⋂
i∈P∈PC(Σ)
〈
QP\{i}
〉
where Ci,P ∈ B(γΣ) are the cones defined in condition (ii) of Proposition 2.2. For
the converse notice that
∀P ∈ PC(Σ)
〈
QP\{i}
〉
=
〈
QP
〉 ∪ (H+P ∩ 〈QP\{i}〉) .
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But 〈QP 〉 ⊆ H−P and Σ ∈ PSF(V ) implies that dim(Nef(X)) = dim(γΣ) = r. Then
(11) gives⋂
i∈P∈PC(Σ)
〈
QP\{i}
〉
=
⋂
i∈P∈PC(Σ)
(
H+P ∩
〈
QP\{i}
〉)
⊆
⋂
P∈PC(Σ)
H+P = Nef(X) .

Definition 2.5 (Bordering collections and chambers).
(1) Let V be a reduced F–matrix and Q = G(V ) a REF, positive W–matrix.
A collection P = {VP }, for some P ∈ P, is called bordering if its support
HP cuts out a facet of the Gale dual cone Q = 〈Q〉.
(2) A chamber γ ∈ Γ(V ) is called bordering if dim(γ ∩ ∂Q) ≥ 1. Notice that
γ∩∂Q is always composed by faces of γ: if it contains a facet of γ then γ is
called maximally bordering (maxbord for short). A hyperplane H cutting a
facet of Q and such that dim(γ ∩H) ≥ 1 is called a bordering hyperplane of
γ and the bordering chamber γ is also called bordering with respect to H.
A normal vector n to a bordering hyperplane H is called inward if n ·x ≥ 0
for every x ∈ γ.
Remark 2.6. Let us give some geometric interpretation of concepts introduced in
the previous Definition 2.5.
(1) P ∈ PC(Σ) gives a bordering primitive collection P = {VP } if and only P
is nef, which is that rZ(P) is a numerically effective 1-cycle.
(2) Thinking of γ ∈ Γ(V ) as the cone Nef(X(Σγ)) ⊆ Eff(X(Σγ)), then the
chamber γ turns out to be bordering if and only if X(Σγ) admits non-
trivial effective divisors which are nef but non-big [12]. Following [15] and
[6], this is equivalent to require the existence of a rational contraction of
fiber type f : X 99K Y to a normal projective toric variety Y .
Remark 2.7. Let γ ∈ Γ(V ) be a bordering chamber and H be a bordering hyper-
plane of γ. Then there exist al least r−1 columns of Q = G(V ) belonging to H. Let
CH be the (r − 1)–dimensional cone generated by all the columns of Q belonging
to H. Then
(12) γ ∩H ⊂ CH .
In fact Q = |Γ(V )| and γ ⊂ Q, giving that γ ∩H ⊂ Q ∩H = CH .
Proposition 2.8. Let V be a reduced F–matrix, Q = G(V ) a positive, REF W–
matrix and γ ∈ Γ(r) ⊆ Q = 〈Q〉. Then γ is a maxbord chamber w.r.t. a hyperplane
H if and only if
∀β ∈ B(γ) ∃q ∈ Q(1)\CH(1) : β = 〈q〉+ β ∩H
where CH is the (r−1)–dimensional cone generated by all the columns of Q belonging
to H.
Proof. If γ is maxbord w.r.t. H then dim(γ ∩H) = r − 1 implying that
∀β ∈ B(γ) dim(β ∩H) = r − 1 .
Since β is simplicial, this suffices to show that there exists a unique q ∈ β(1) not
belonging to H and such that β = 〈q〉+ β ∩H.
The converse follows immediately by recalling that γ =
⋂
β∈B(γ) β and we are
assuming dim(γ) = r. 
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Definition 2.9. Let V be a reduced F–matrix. A bordering chamber γ ∈ Γ(V ),
w.r.t. the hyperplane H, is called internal bordering (intbord for short) w.r.t. H,
if either γ is maxbord w.r.t H or there exists an hyperplane H ′, cutting a facet of
γ and such that
(i) γ ∩H ⊆ γ ∩H ′
(ii) ∃q1,q2 ∈ H ∩Q(1) : (n′ · q1)(n′ · q2) < 0
where n′ is the inward primitive normal vector of H ′.
Remark 2.10. For Picard number r ≤ 2, a chamber γ ∈ Γ(V ) is bordering w.r.t. a
hyperplane H if and only if it is intbord w.r.t. H if and only if it is maxbord w.r.t.
H. For r ≥ 3, this is no more the case but
maxbord w.r.t.H =⇒ intbord w.r.t.H =⇒ bordering w.r.t.H
and there exist chambers which are either bordering and not intbord or intbord
and not maxbord w.r.t H.
The following result gives the existence of a bordering primitive collection, hence
of a numerically effective primitive relation, for a Q–factorial projective toric variety
whose fan corresponds to an intbord chamber of the secondary fan Γ(V ). This is
one of the key results of the present paper, allowing us to improve and extend the
Batyrev classification, explained in [2], to the case of singular Q–factorial projective
toric varieties. In some sense, the following result is the analogue, in a singular
setup, of Batyrev’s result [2, Prop. 3.2] (see the following Remark 2.15).
Theorem 2.11. Let V be a reduced F–matrix and assume γ ∈ AΓ(V ) be a bor-
dering chamber w.r.t. a hyperplane H. Then γ is an intbord chamber w.r.t. H if
and only if the hyperplane H is the support of a bordering primitive collection P,
for the fan Σγ ∈ PSF(V ).
Proof. Let H be a bordering hyperplane for γ. Let us assume, up to a permutation
of columns of Q = G(V ), that the first s ≥ r − 1 columns q1, . . . ,qs are all the
columns of Q belonging to H. Setting P = {s + 1, . . . , n + r} ∈ P, consider the
collection P = {VP }. We want to show that P is a primitive collection for Σγ .
On the one hand, condition (i.4) in Proposition 2.2 is immediately satisfied since
det(QP ) = det(Q{1,...,s}) = 0, being q1, . . . ,qs ∈ H. On the other hand, to show
that condition (ii.4), in Proposition 2.2, is holding notice that, for every i ∈ P ,
condition (ii) in Definition 2.9 ensures that
γ ⊆ 〈qi〉+ CH =
〈
QP\{i}
〉
where CH = H ∩Q, as defined in Remark 2.7.
For the converse, let us assume P = {VP } be a bordering primitive collection
w.r.t. the hyperplane H. By (11), H turns out to cut out a face of Nef(X). If H
cut out a facet of Nef(X) = γ then γ turns out to be maxbord w.r.t. H, hence
intbord. Let us then assume that
dim(H ∩Nef(X)) ≤ r − 2 .
This means that the numerical class nP is not extremal in the decomposition (10)
of the Mori cone. Then there exist l ≥ 2 extremal classes n1, . . . ,nl ∈ ∂NE(X)
such that nP =
∑l
k=2 µknk, for some µk > 0. Let Hk ⊆ F rR be the dual hyperplane
to nk, for 1 ≤ k ≤ l, which by construction cuts out a facet of γ. Since we are
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assuming γ be bordering w.r.t. H, then γ ∩ H = γ ∩
(⋂l
k=2Hk
)
. Hence, by
Definition 2.9, if γ would not be intbord w.r.t. H then
∀ k = 1, . . . , l either ∀ j 6∈ P nk · qj ≤ 0 or ∀ j 6∈ P nk · qj ≥ 0 .
In particular, since Hk 6= H, there exists j 6∈ P such that nk · qj 6= 0. But qj ∈ H,
giving
0 = nP · qj =
l∑
k=2
µknk · qj =⇒ ∃ 1 ≤ k0 ≤ l : nk0 · qj0 < 0
=⇒ ∀ j 6∈ P nk0 · qj ≤ 0 .
By construction there exists i ∈ P such that qi ∈ Hk0 ∩ P. Then 〈QP\{i}〉 =
〈qi〉 + CH . On the one hand γ ⊆ 〈QP\{i}〉, by condition (ii.4) of Proposition 2.2.
Therefore there exists x ∈ γ ⊆ 〈QP\{i}〉 such that nk0 · x > 0, being nk0 the
primitive inward normal vector to the facet Hk0 of γ. On the other hand
∀x ∈ 〈QP\{i}〉 = 〈qi〉+CH nk0 ·x = λink0 ·qi+
∑
j 6∈P
λjnk0 ·qj =
∑
j 6∈P
λjnk0 ·qj ≤ 0
giving a contradiction. Then γ has to be intbord w.r.t. H. 
2.1.2. Notation. Calling x1, . . . , xr the coordinates of F
r
R = Rr, in the following Hi
denotes the coordinate hyperplane xi = 0; in particular Hr := {xr = 0}.
Corollary 2.12. Let V be a reduced F–matrix and γ ∈ AΓ(V ) be an intbord
and non–singular chamber. Then the associated fan Σγ ∈ PSF(V ) admits a nef
primitive collection P whose primitive relation (5) has all the non–zero coefficients
equal to 1.
Proof. This is immediate after [2, Prop. 3.2]. Alternatively, the previous Theorem
2.11 gives a bordering, hence nef, primitive collection P = {VP } ⊂ Σγ(1) with
P = {s+ 1, . . . , n+ r}. By the following Lemma 2.14, one can always assume the
bordering hyperplane HP be given by Hr := {xr = 0}, recalling notation 2.1.2, and
Q be a positive, REF, W–matrix. By (8), this means that
rZ(P ) = Q
T · nP = QT ·

0
...
0
1
 = (0, . . . , 0, qr,s+1, . . . , qr,n+r)
i.e. the bottom row of Q gives the primitive relation rZ(P ). Then condition (ii)
of Proposition 2.2 gives that, for every s + 1 ≤ i ≤ n + r, the column qi of the
weight matrix Q is always a generator of the simplicial cone Ci,P ∈ B(γ), whose
determinant is necessarily a multiple of the entry qr,i of Q. The non-singularity of
γ then imposes qr,i = 1, for all i ∈ P . 
Example 2.13 (Examples 1.5 and 1.12 continued). Consider the two isomorphic
in codimension 1, smooth and projective toric varieties X(Σ1), X(Σ2), defined in
Example 1.5. Their chambers (i.e. Nef cones), γ1, γ2, respectively, are described in
Example 1.12 and Fig. 1. From the latter it is evident that both the chambers are
intbord w.r.t. both the hyperplanes H2 and H3, under notation 2.1.2, and moreover
γ1 is maxbord w.r.t. these hyperplanes. Thm. 2.11 then gives that H2 and H3 are
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supporting two collections, P2 = {v3,v4} and P3 = {v5,v6}, respectively, which
are primitive and nef for both the fans Σ1 and Σ2.
Lemma 2.14. Let H be a hyperplane cutting a facet of Q. Then there exist α ∈
GLr(Z) and a permutation matrix β ∈ GLn+r(Z) such that αQβ is in REF and
H is sent to the hyperplane Hr.
Proof. Since H cuts a facet of Q, up to a permutation of columns, one can assume
that the first s ≥ r − 1 columns q1, . . . ,qs are all the columns of Q = G(V )
belonging to H. Consider α′ ∈ GLr(Z) and a permutation matrix β′ ∈ GLs(Z)
such that α′Q{1,...,s} β′ is REF. Since there cannot exist r linearly independent
vectors among q1, . . . ,qs, the last r–th row of α
′Q{1,...,s} β′ has to be 0, meaning
that H has been sent to Hr. In particular the primitive inward normal vector of H
has been transformed to (0, . . . , 0,±1). Therefore
α′Q
(
β′ 0T
0 In+r−s
)
=
s︷ ︸︸ ︷ REF
n+r−s︷ ︸︸ ︷
...
q′r,s+1 · · · q′r,n+r
)
with q′r,s+1, . . . , q
′
r,n+r either strictly positive or strictly negative integer entries,
depending on the sign of (0, . . . , 0,±1). The proof then ends up, after a possible
change of sign of the bottom r-th row, by summing up suitable multiples of this
latter row to the upper ones and by reordering the last n+ r− s columns to finally
get a REF matrix. 
Remark 2.15. The previous Corollary 2.12 would give an alternative proof of Baty-
rev’s result [2, Prop. 3.2] if it would be possible proving that a non–singular chamber
is a bordering chamber. Moreover Theorem 2.11 would give a generalization of this
Batyrev’s result to a singular setup. Actually this is the case for Picard number r ≤
2. In fact for r = 1 every chamber is maxbord. For r = 2, a non–singular chamber
γ is maxbord, hence bordering. For r = 3, in [25] we prove that a non–singular
chamber is bordering by assuming the existence of a nef primitive collection, hence
assuming [2, Prop. 3.2]: this fact gives strong geometric consequences on smooth
projective toric varieties of rank r ≤ 3. Unfortunately for r ≥ 4 non–singular
chambers which are not bordering may exist: in fact, recalling Remark 2.6(2), in
[12] Fujino and Sato exhibited examples of smooth projective toric varieties with
r ≥ 5 whose non-trivial nef divisors are big. We improved this result in [25, § 4.3,
4.4] to the case of Picard number r = 4.
For further comments, evidences and details, we refer the interested reader to
the above mentioned [25].
2.2. Toric bundles and covers. The present subsection is dedicated to introdu-
cing the main objects useful for the Batyrev–type classification of the next § 2.3.
2.2.1. Weighted Projective Toric Bundles (WPTB). We will adopt an obvious ge-
neralization of notation and terminology given in [10] § 7.3 for a projective toric
bundle (PTB).
Let X ′(Σ′) be a n′–dimensional Q–factorial complete toric variety, of rank r′, and
consider s + 1 Cartier divisors E0, . . . , Es and the associated locally free sheaf
E = ⊕sk=0OX′(Ek) of rank s+ 1. Let W = (w0, . . . , ws) be a reduced 1× (s+ 1)
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W–matrix and consider the W–weighted symmetric algebra SW (E): if E is locally
free then SW (E) is locally free, too. The bundle PW (E)→ X ′, defined by setting
PW (E) := Proj (SW (E)) = Proj(SW ( s⊕
k=0
OX′(Ek)
))
is called the (W–)weighted projective toric bundle (WPTB) associated with E . Its
fibers look like the s–dimensional weighted projective space P(w0, . . . , ws) and it
turns out to be aQ–factorial complete toric variety whose fan is described as follows.
Let ΣW ⊂ NW,R ∼= Rs be a fan of P(W ). Then its 1–skeleton ΣW (1) is composed
by s+1 rays whose primitive generators are s+1 integer vectors e0, e1, . . . , es ∈ Zs
such that
s∑
k=0
wkek = 0 and ∀ 0 ≤ i ≤ s |det(e0, . . . , êi, . . . , es)| = wi .
(see e.g. [21, Thm. 3]). The fan ΣW is then composed by the cones
(13) Fi := 〈e0, e1 . . . , êi, . . . , es〉 ⊂ Rs, 1 ≤ i ≤ s ,
and all their faces. Consider now the fan defining X ′, given by Σ′ ⊂ NX′,R ∼= Rn′ .
Let V ′ = (v′1, . . . ,v
′
n′+r′) be a n
′ × (n′ + r′) fan matrix of X ′. Let D′j be the torus
invariant Weil divisor associated with the ray 〈v′j〉 ∈ Σ(1). Then
∀ k = 0, . . . , s Ek =
n′+r′∑
j=1
akjD
′
j .
For a cone σ ∈ Σ′ define the fibred cone
(14)
σi :=
〈{(
v′j
0s,1
)
+
s∑
k=0
akj
(
0n′,1
ek
)
| 〈v′j〉 ∈ σ(1)
}〉
+Fi ⊂ NX′,R×NW,R ∼= Rn′+s
Proposition 2.16. The set of fibred cones (14) and all their faces give rise to a
fan ΣW,E ⊂ NX′,R × NW,R whose toric variety is the W–weighted projective toric
bundle PW (E).
The fibred cone (14) is the analogue of the cone (7.3.3) in [10] giving the fan of
a projective toric bundle. The proof of the previous proposition is then the same
of [10, Prop. 7.3.3].
Let V be a fan matrix of PW (E): setting r = r′ + 1 and n = n′ + s, by (14), V
can be chosen to be the following n× (n+ r) matrix
(15) V =
n′+r′︷ ︸︸ ︷
V ′∑s
k=0 ak,1e1k · · ·
∑s
k=0 ak,n′+r′e1k
· · ·∑s
k=0 ak,1esk · · ·
∑s
k=0 ak,n′+r′esk
s+1︷ ︸︸ ︷
0
e0 · · · es

By Gale duality, a weight matrix of PW (E) is then given by the following r× (n+r)
matrix
(16) Q = G(V ) =
n′+r′︷ ︸︸ ︷(
Q′
0 · · · 0
s+1︷ ︸︸ ︷
Q′′
w0 · · ·ws
)
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where Q′ = G(V ′) and the r′ × (s+ 1) matrix Q′′ is defined by observing that
Q′ V ′′T +Q′′
 e
T
0
...
eTs
 = 0
where V ′′ is the s × (n′ + r′) matrix whose (i, j)–entry is given by ∑sk=0 ak,jeik.
Therefore Q′′ = (bh,k+1) with
bh,k+1 = −
n′+r′∑
j=1
q′hjakj for 0 ≤ k ≤ s ,
where (q′h,j) = Q
′. Recalling the morphism d′ : WT (X ′(Σ′)) → Cl(X ′(Σ′)) intro-
duced in Proposition 1.11, this means that the (k + 1)–st column of Q′′ is given
by
(17) bk+1 = −d′(Ek) for 0 ≤ k ≤ s ,
where d′(Ek) is the class of Ek in Cl(X ′).
2.2.2. Toric covers. Let us recall that, given two lattices N and N˜ with two fans
Σ ⊂ NR and Σ˜ ⊂ N˜R, a Z–linear map f : N → N˜ is called compatible with the
given fans if
∀σ ∈ Σ ∃ σ˜ ∈ Σ˜ : fR(σ) ⊆ σ˜
where fR : NR → N˜R is the natural R–linear extension of f (see [10, Def. 3.3.1]).
For the following notion of toric cover we refer the interested reader to [1, § 3].
Definition 2.17. A toric cover f : X(Σ) → X˜(Σ˜) is a finite morphism of toric
varieties inducing a Z–linear map f : N → N˜ , compatible with Σ and Σ˜, such that:
(1) f(N) ⊆ N˜ is a subgroup of finite index, so that f(N)⊗ R = N˜ ⊗ R,
(2) fR(Σ) = Σ˜.
Lemma 2.18 ([1] Lemma 3.3). A toric cover f : X(Σ)→ X˜(Σ˜) has the following
properties:
(1) f is an abelian cover with Galois group G ∼= N˜/f(N),
(2) f is ramified only along the torus invariant divisors Dρ, with multiplicities
dρ ≥ 1 defined by the condition that the integral generator of f(N) ∩ 〈vρ〉
is dρvρ, for every ray ρ = 〈vρ〉 ∈ Σ˜(1).
2.2.3. Weighted Projective Toric weak Bundles (WPTwB). Let us first of all notice
that Proposition 2.16 holds regardless of whether divisors Ek =
∑n′+r′
j=1 akjD
′
j , for
0 ≤ k ≤ s, are truly Cartier divisors or instead, more generally, Weil divisors.
Therefore the following natural question arises: which kind of geometric structures
supports the toric variety associated with the simplicial complete fan given by
Prop. 2.16 in the case of Weil non–Cartier divisors Ek’s?
The answer gives a nice account of both the previous subsections 2.2.1 and 2.2.2.
Let us recall that, given a Weil divisor D on a Q–factorial variety, the Cartier
index of D is the least positive integer c(D) ∈ N such that c(D)D is a Cartier
divisor.
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Proposition 2.19. Let V ′ be a n′ × (n′ + r′) CF–matrix and Σ′ ∈ SF(V ′). Con-
sider the set Σ of fibred cones (14) and all their faces and assume that
∀ 0 ≤ k ≤ s Ek =
n′+r′∑
j=1
akjD
′
j ∈ WT (X ′) whose Cartier index is lk := c(Ek).
Then Σ is a simplicial and complete fan whose associated toric variety X(Σ) is
a toric cover of the WPTB PW ′ (E), where W ′ is the reduced weight vector of
(l0w0, . . . , lsws) and E =
⊕s
k=0OX′ (ηkEk), with ηk defined by setting
λ := gcd(l0w0, . . . , lsws) = gcd(l0, . . . , ls) (since gcd(w0, . . . , ws) = 1)
dk := gcd
(
l0w0
λ
, . . . ,
̂lkwk
λ
, . . . ,
lsws
λ
)
= gcd
(
l0
λ
, . . . ,
l̂k
λ
, . . . ,
ls
λ
)
(since W is reduced)
ak := lcm
(
d0, . . . , d̂k, . . . , ds
)
=
∏s
i=0 di
dk
(by [21, Prop. 3(2)])
a := lcm(a0, . . . , as) =
s∏
k=0
dk (by [21, Prop. 3(5)])
ηk := lka/ak = lkdk
In particular the toric cover X(Σ) → PW ′(E) is an abelian covering admitting a
Galois group G of order
|G| =
∏s
k=0 lk
λ
and ramified along the torus invariant divisors Dn′+r′+1+k, with multiplicity ηk,
for every 0 ≤ k ≤ s. In the following X(Σ) is called a weighted projective toric
weak bundle (WPTwB): it is a PWS.
Proof. As for the proof of Prop. 2.16, the fact that Σ is a simplicial and complete
fan, follows by the same argument proving [10, Prop. 7.3.3].
Given Cartier indexes lk = c(Ek) ≥ 1, consider the diagonal matrix
Λ′ :=
(
In′+r′ 0n′+r′,s+1
0s+1,n′+r′ diag(l0, . . . , ls)
)
∈ GLn+r(Q) ∩Mn+r(Z) .
Then, recalling (16) and (17), one gets
Q · Λ′ =
n′+r′︷ ︸︸ ︷(
Q′
0 · · · 0
s+1︷ ︸︸ ︷
−d(l0E0) · · · −d(lsEs)
l0w0 · · · lsws
)
If the weight vector (l0w0, . . . , lsws) is reduced then set W
′ = (l0w0, . . . , lsws) and
Q · Λ′ turns out to be a weight matrix of PW ′ (⊕sk=0OX′ (lkEk)).
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If (l0w0, . . . , lsws) is not reduced then define λ, dk, ak and a as in the statement
and consider the matrices
∆ := diag
(
1, . . . , 1,
1
λa
)
∈ GLr(Q)
Λ′′ :=
(
In′+r′ 0n′+r′,s+1
0s+1,n′+r′ diag
(
a
a0
, . . . , aas
) ) ∈ GLn+r(Q) ∩Mn+r(Z)
Λ := Λ′ · Λ′′ =
(
In′+r′ 0n′+r′,s+1
0s+1,n′+r′ diag
(
l0a
a0
, . . . , lsaas
) )
Q˜ := ∆ ·Q · Λ =
(
Q′ −d( l0aa0 E0) · · · −d( lsaas Es)
0 · · · 0 l0w0λa0 · · · lswsλas
)
=
(
Q′ −d(η0E0) · · · −d(ηsEs)
0 · · · 0 w′0 · · · w′s
)
where W ′ = (w′0, . . . , w
′
s) is the reduced weight vector of W and ηk = lka/ak. Then
Q˜ turns out to be a weight matrix of PW ′ (
⊕s
k=0OX′ (ηkEk)).
Recalling (15), the fan matrix V is a CF–matrix since V ′ is a CF–matrix. Then
X(Σ) is a PWS and Cl(X) is a free Z–module. Then the dualized divisors’ exact
sequence (7) is exact on the right, too, hence giving the following short exact
sequence of free abelian groups
(18) 0 // Hom(Cl(X),Z) d
∨
// Hom(WT (X),Z) div
∨
// N // 0
Fixing once for all a basis of M ∼= Zn, the basis {Dj}n+rj=0 of WT (X) ∼= Zn+r, a
basis of F r = Cl(X) ∼= Zr and their dual bases, then QT and V turns out to be
representative matrices of morphisms d∨ and div∨, respectively. Then we get the
following commutative diagram of exact sequences
(19)
0

0

0

0 // Hom(Cl(X),Z) ∼= Zr
d∨ QT

(∆−1)T // Zr
Q˜T

// Z/(λa)Z

// 0
0 // Hom(WT (X),Z) ∼= Zn+r Λ
T
//
div∨ V

Zn+r //
V˜

(
⊕s
k=0 Z/ηkZ) //

0
0 // N ∼= Zn Φ
T
f
//

NX′ ×NW ′ ∼= Zn //

G //

0
0 0 0
where the matrix Φ is obtained as follows:
• V is a CF–matrix if and only ifH := HNF(V T ) =
(
In
0r,n
)
[23, Thm. 2.1(4)],
• let U ∈ GLn+r(Z) such that U · V T = H,
• then the upper n rows of U give nU · V T = In (recall notation in list 1.1)
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Therefore
V T · Φ = Λ · V˜ T =⇒ Φ = nU · Λ · V˜ T .
From diagram (19), the Z-linear morphism f : N → NX′ ×NW ′ , represented by Φ,
is clearly injective, giving rise to the toric cover we were looking for, whose Galois
group is given by G in the same diagram. The exactness of the vertical sequence
on the right implies that
|G| =
∏s
k=0 ηk
λa
=
∏s
k=0 lkdk
λa
=
∏s
k=0 lk
λ
,
while the ramification is given by the matrix ΛT = Λ. 
Remark 2.20. The hypothesis that V ′ is a CF -matrix is essential in proving Propo-
sition 2.19. In fact, recalling (15) if V ′ is a F non–CF–matrix then V is a F
non–CF–matrix, too. Then the dual exact sequence (7) is not exact on the right,
meaning that the morphism f in diagram (19) may not exist.
On the other hand the set Σ of fibred cones (14) and all their faces still turns out
to be a simplicial complete fan, due to the same argument proving [10, Prop. 7.3.3].
It remains then open the geometric interpretation of this case, for which the reader
is referred to § 3 and in particular to Theorem 3.4 and Remark 3.6.
2.3. Maximally bordering chambers and WPTB. The present subsection is
devoted to generalize Batyrev’s results given in [2, § 4], by dropping the smoothness
hypothesis. Let us first of all notice the following useful fact:
Lemma 2.21. Let V and V˜ be n×(n+r) reduced F–matrices such that f : X(Σ)→
X˜
(
Σ˜
)
is a toric cover for some Σ ∈ SF(V ) and Σ˜ ∈ SF
(
V˜
)
. Then γΣ ∈ Γ(V )
is a maxbord chamber if and only if γ˜Σ˜ ∈ Γ
(
V˜
)
is a maxbord chamber.
Proof. Recalling the Definition 2.17 of a toric cover, the induced Z–linear morphism
f : N → N˜ , which is compatible with the fans Σ and Σ˜, gives actually an equality
of fans fR(Σ) = Σ˜. Then for every cone σ ∈ Σ define σ˜ := fR(σ) ∈ Σ˜. By Theorem
2.11, there exists a bordering primitive collection P = {VP } of Σ, for some P ∈ P,
whose support hyperplane HP is the maximally bordering hyperplane of γ. Then,
by Proposition 2.8,
∀ 〈VI〉 ∈ Σ(n) ∃! i ∈ P : 〈QI〉 = 〈qi〉+ 〈QI〉 ∩HP
⇐⇒ 〈VI〉 = 〈VP\{i}〉+ 〈VI\P 〉
On the other hand P˜ := {fR(vi) | i ∈ P} = {V˜P˜} turns out to be a primitive
collection for Σ˜ = fR(Σ). Up to a permutation on columns of V˜ we can assume
P˜ = P . Then
∀
〈
V˜I
〉
∈ Σ˜(n) ∃! i ∈ P :
〈
V˜I
〉
= fR (〈VI〉) = fR
(〈VP\{i}〉)+ fR (〈VI\P 〉)
=
〈
V˜P\{i}
〉
+
〈
V˜P\I
〉
⇐⇒
〈
Q˜I
〉
= 〈q˜i〉+
(〈
Q˜I
〉
∩ H˜P
)
which is enough, by Proposition 2.8, to show that γ˜Σ˜ is maxbord w.r.t. the support
H˜P of P˜.
The converse can be proved in the same way by observing that Σ = f
−1
R
(
Σ˜
)
. 
24 M. ROSSI AND L.TERRACINI
We are now in a position to state and prove the following generalization of [2,
Prop. 4.1].
Theorem 2.22. Given a reduced n× (n+ r) CF–matrix V , with r ≥ 2, a chamber
γ ∈ AΓ(V ) is maximally bordering if and only if the associated PWS X(Σγ) is a
toric cover of a weighted projective toric bundle PW (E).
Proof. Recalling Definition 2.5 and Lemma 2.14 we can assume γ be a maxbord
chamber w.r.t. Hr, hence giving dim(γ ∩ Hr) = r − 1. Since γ is maxbord, it is
intbord and Theorem 2.11 implies that, after suitable transformations, the reduced
W–matrix Q = G(V ) can be set in REF with the bottom r-th row giving a primitive
relation for Σγ , P = {vn+r−s, . . . ,vn+r}, on the last s + 1 columns of V (here we
are exchanging each other the roles of s and n+ r − s with respect to the proof of
Thm. 2.11). Then Q looks like (16) where Q′ is (r− 1)× (n+ r− s− 1) matrix in
REF.
First of all let us notice that Q′ can be thought of as a W–matrix of a n′ = (n−s)–
dimensional variety, with the exception of condition b in Definition 1.3. In fact, the
REF form of Q and the fact that Q is a W–matrix imply immediately conditions
a,c and d of Definition 1.3 for Q′.
For what concerns condition e, let us observe that Lr(Q′) cannot contain any vector
of the form (0, . . . , 0, q, 0, . . . , 0). Otherwise, if the non–trivial entry q is in the
i–th position then the i–th column q′i of Q
′ cannot be in Lc(Q′{i}). Therefore
dim〈Q′{i}〉 ≤ r − 2. On the other hand, by the REF of Q and (1), one gets
(20) γ ∩Hr ⊆ Mov(V ) ∩Hr ⊆ 〈Q{i}〉 ∩Hr = 〈Q′{i}〉
where the last equality on the right comes from the fact that γ is maxbord w.r.t.
Hr, meaning that Hr cuts a facet of Mov(V ), hence a facet of 〈Q{i}〉. Clearly (20)
contradicts the maxbord hypothesis dim(γ ∩Hr) = r − 1.
The same argument applies to guarantee condition f of Definition 1.3 for Q′. In
fact Lr(Q′) cannot contain any vector of the form (0, . . . , 0, a, 0, . . . , 0, b, 0, . . . , 0)
with ab < 0. Otherwise, if the non–trivial entries a, b are in the i–th, j–th posi-
tions, respectively, then the i–th and the j–th columns q′i,q
′
j of Q
′ cannot be in
Lc(Q′{i,j}). Therefore dim〈Q′{i,j}〉 ≤ r − 2. Moreover one also gets that
(21) ∀µ, λ µλ > 0 =⇒ µqi − λqj 6∈ Lc(Q′{i,j})
because µa− λb 6= 0. On the other hand, by the REF of Q and (1), one gets
(22) γ ∩Hr ⊆ Mov(V ) ∩Hr ⊆ 〈Q{i}〉 ∩ 〈Q{j}〉 ∩Hr = 〈Q′{i}〉 ∩ 〈Q′{j}〉
where the last equality on the right comes from the fact that Hr cuts a facet of
both 〈Q{i}〉 and 〈Q{j}〉. Notice that if one proves that
(23) 〈Q′{i}〉 ∩ 〈Q′{j}〉 = 〈Q′{i,j}〉
then (22) turns out to contradicting the maxbord hypothesis dim(γ ∩Hr) = r− 1.
Since clearly 〈Q′{i}〉 ∩ 〈Q′{j}〉 ⊇ 〈Q′{i,j}〉, to show (23) we need to prove that:
if x ∈ 〈Q′{i}〉 ∩ 〈Q′{j}〉 then x ∈ 〈Q′{i,j}〉. For this purpose consider the linear
combinations with nonnegative coefficients
x =
∑
k 6=i,j
λkqk + λjqj =
∑
k 6=i,j
µkqk + µiqi ∈ 〈Q′{i}〉 ∩ 〈Q′{j}〉 .
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This gives
µiqi − λjqj =
∑
k 6=i,j
(λk − µk)qk
contradicting (21) unless µi = λj = 0, which is x ∈ 〈Q′{i,j}〉.
We have now to consider three possible cases: (a) Q′ is a reduced W–matrix, (b)
Q′ is a non–reduced W–matrix, (c) Q′ is not a W–matrix in the sense that Lr(Q′)
has cotorsion in Zn′+r′ , with n′ = n− s and r′ = r − 1.
(a) Assume now that Q′ is a reduced W–matrix. Since γ is maxbord then
γ′ := γ ∩ Hr is (r − 1)–dimensional. Let us show that γ′ is actually a chamber
contained in Mov(V ′), with V ′ = G(Q′). For this purpose notice that (1) and the
fact that Hr cuts out a facet of every 〈Q{i}〉 give
Mov(V ′) =
n+r−s−1⋂
i=1
〈
Q′{i}
〉
= Hr ∩
n+r⋂
i=1
〈
Q{i}
〉
= Hr ∩Mov(V )
Hence γ′ = Hr ∩ γ ⊂ Hr ∩ Mov(V ) = Mov(V ′). Finally observe that Prop. 2.8
gives that every simplicial cone 〈QI〉 in the bunch of cones B(γ) has to contain
the (r − 1)–dimensional chamber γ′ = γ ∩Hr, hence cutting out a simplicial cone
〈QI〉 ∩Hr =: 〈Q′I′〉 ∈ B(γ′) and admitting a unique ray generated by a column qi
of Q not belonging to Hr i.e.
qi ∈ P∗ , I = I ′ ∪ {i} , 〈QI〉 = 〈Q′I′〉+ 〈qi〉 ,
with i ≥ n + r − s. Let us now consider Gale dualities w.r.t. W–matrices Q,
Q′ and W , giving the Gale dual cones G(〈QI〉) = 〈V I〉, G(〈Q′I′〉) = 〈(V ′)I
′〉 and
G(〈qi〉) = Fi, respectively, where the latter is precisely the cone Fi defined in (13).
Then 〈V I〉 = 〈(V ′)I′〉+ Fi. Notice that, on the one hand, the set of cones 〈(V ′)I′〉
and all their faces define a (n − s)–dimensional fan Σ′γ′ and, on the other hand,
the cones Fi, jointly with all their faces, give the fan ΣW of P(W ). This suffices to
show that Σγ is split by Σ
′
γ′ and ΣW , in the sense of [10, Def. 3.3.18]. Therefore
[10, Thm. 3.3.19] gives a locally trivial fibre bundle X(Σγ) X ′(Σ′γ′) whose fibers
are all isomorphic to P(W ).
It remains to prove that such a fiber bundle is actually a WPTwB, as defined in
2.2.3, hence a toric cover of a WPTB associated with some locally free sheaf E . For
this purpose add suitable negative multiples of the bottom row of Q to the previous
ones until one gets no positive entries in the (i, j)–positions with 1 ≤ i ≤ r− 1 and
n + r − s ≤ j ≤ n + r. These entries give the matrix Q′′ in (16) whose columns
give, up to a sign, the linear equivalence classes of some Weil divisors E0, . . . , Es,
as in (17). Consequently the Gale dual 〈V I〉, of every cone 〈QI〉 ∈ B(γ), turns out
to be a fibred cone (14). Recalling [22, Prop. 3.12(1)], V ′ = G(Q′) is a CF–matrix.
This suffices to show that X(Σγ) is a WPTwB, by Proposition 2.19. Then X(Σγ)
is a toric cover of PW ′
(⊕s
k=0OX′(Σ′γ′ )(ηkEk)
)
, where W ′ and ηk are defined as
in Proposition 2.19. Notice that, by (15), V ′ is a CF–matrix if and only if V is a
CF–matrix: then this case (a) can occur only if V is a CF–matrix, as assumed in
the statement.
(b) Assume now that Q′ is a non-reduced W–matrix (hence Lr(Q′) has not co-
torsion in Zn′+r′). Then V ′ = G(Q′) admits some non–primitive column. Without
loss of generality, up to a permutation on columns and an iteration of the fol-
lowing argument, assume that the unique non primitive column of V ′ is the first
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one: namely v1 = dw1, with w1 primitive. Consider the reduced weight matrix
Q′red = G(V ′red) (see the list of notation 1.1). The construction described in [22,
Thm. 3.15(3)] then gives
Q′red = diag(1, . . . , 1, 1/d)α1Q′ diag(d, 1, . . . , 1)
for a suitable α1 ∈ GLr−1(Z). Define
A =
(
diag(1, . . . , 1, 1/d)α1 0r−1,1
01,r−1 1/d
)
∈ GLr(Q)
B =
(
diag(d, 1, . . . , 1) 0n+r−s−1,s+1
0s+1,n+r−s−1 d Is+1
)
∈ GLn+r(Q) ∩Mn+r(Z)(24)
Q˜ = AQB ∈M(r, n+ r;Z)
Notice that the bottom r–th row of Q˜ coincides with the bottom r–th row of Q.
Then Q˜ is reduced for the REF of Q and the fact that Q′red is reduced. Define
V˜ = (v˜1, . . . , v˜n+r) := G(Q˜) .
Consider the dual divisors’ sequence (7) for X(Σγ) and notice that it turns out to be
exact on the right, since V is a CF–matrix, hence giving the short exact sequence
(18). Fixing the bases of the Z-modules appearing in (18), the matrices defined in
(24) define Z–linear morphisms giving the following commutative diagram
(25) 0

0

0

0 // Hom(Cl(X)) ∼= Zr
d∨ QT

(A−1)T // Zr
Q˜T

// (Z/dZ)⊕2

// 0
0 // Hom(WT (X)) ∼= Zn+r B
T
//
div∨ V

Zn+r //
V˜

(Z/dZ)⊕s+2 //

0
0 // N ∼= Zn C
T
//

Zn //

(Z/dZ)⊕s //

0
0 0 0
where CT is the representative matrix of an injective Z–linear map f : Zn → Zn
easily defined by diagram chasing. Then
CT V = V˜ BT = (dv˜1, v˜2, . . . , v˜n+r−s−1, dv˜n+r−s, . . . , dv˜n+r)
and f(N) is a subgroup of finite index ds of Zn = N˜ , as deduced by the vertical
sequence on the right. Moreover, by Lemma 2.21, Σ˜ := fR(Σγ) is a fan in PSF(V˜ )
defining a PWS X˜(Σ˜) whose weight matrix is Q˜ and whose chamber γ˜Σ˜ ∈ Γ(V˜ ) is
maxbord. Then, by the previous part (a), X˜ is a WPTwB, which is a toric cover
of a WPTB. Moreover f induces a toric cover f : X → X˜, hence X is a toric cover
of a WPTB.
Let us notice that in the present situation one can say something more than
Lemma 2.21: in fact, the matrix A−1 represents an injective Z–linear map g :
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Cl(X˜) → Cl(X) which is compatible with the secondary fans Γ(V˜ ) and Γ(V ) and
gives gR
(
Γ(V˜ )
)
= Γ(V ).
(c) Finally let us now assume that Lr(Q′) has cotorsion in Zn′+r′ . Without
loss of generality, up to a permutation on rows and an iteration of the following
argument, assume that αQ′, for some α ∈ GLr′(Z), admits a unique row giving
cotorsion, namely the bottom r′–th row of Q′. Let d > 1 be the greater common
divisor of all entries in that row, i.e. d = gcd(qr′,1, . . . , qr′,n′+r′). Recall the matrix
A given in (24) and define
A′ = A
(
α 0r′,1
01,r′ 1
)
∈ GLr(Q)
B =
(
In′+r′ 0n′+r′,s+1
0s+1,n′+r′ d Is+1
)
∈ GLn+r(Q) ∩Mn+r(Z)
Q˜ = A′QB ∈M(r, n+ r;Z)
Clearly the bottom r–th row of Q˜ coincides with the bottom r–th row of Q.
Moreover Q˜ turns out to be a W–matrix for the REF of Q and the fact that
Q˜′ = diag(1, . . . , 1, 1/d)α1 αQ′ is now a W–matrix. From now on we can go on as
in part (b), showing that X is a toric cover of a suitable WPTB.
For the converse, let us assume that X(Σγ) is a toric cover of a WPTB PW (E).
This means that there exists a Z–linear morphism f : N → N˜ such that Σ˜ = fR(Σγ)
is the fan of X˜ = PW (E). Therefore Σ˜ is composed by fibred cones (14) implying
that it is split by a n′–dimensional fan Σ˜′ and a s–dimensional fan Σ˜W . The equality
of fans Σ˜ = fR(Σγ) then imposes an analogous splitting for the fan Σγ . Gale duality
then gives that every cone in the bunch B(γ) is the sum of a 1–dimensional cone
and a (r− 1)–dimensional cone belonging to a fixed facet of the Gale dual cone Q.
Prop. 2.8 then enables us to conclude that γ is a maxbord chamber. 
The geometric picture described by the previous Theorem 2.22 dramatically sim-
plifies in the case of smooth projective toric varieties: in this context, the following
result is equivalent to [2, Prop. 4.1].
Corollary 2.23. Given a reduced n× (n+r) CF–matrix V , with r ≥ 2, a chamber
γ ∈ AΓ(V ) is maximally bordering and non-singular if and only if the associated
PWS X(Σγ) is a projective toric bundle P(E)→ X ′ over a smooth PWS X ′(Σ′).
Proof. Since maxbord implies intbord, Theorem 2.11 and Corollary 2.12 give a
numerically effective primitive collection for Σγ whose primitive relation has all
the non–zero coefficient equal to 1. By Lemma 2.14, such a primitive relation can
be considered as the bottom row of the REF positive weight matrix Q. Hence,
Theorem 2.22 gives that X is a toric cover of a projective toric bundle P(E), since
W = (1, . . . , 1). In particular the covering map f : X → P(E) is the identity if and
only if the r′ × (n′ + r′) matrix Q′, obtained as in (16), is a reduced W -matrix.
The fact that γ is a non-singular chamber implies that Q′ is necessarily a reduced
W–matrix: in other words cases (b) and (c) in the proof of Theorem 2.22 cannot
occur. In fact:
• for (c) notice that Prop. 2.8 gives that every cone 〈QI〉 ∈ B(γ) admits
a unique generator qi, with n
′ + r′ + 1 ≤ i ≤ n + r, such that 〈QI〉 =
〈qi〉+〈Q′I\{i}〉; by the REF ofQ, |det(QI)| = qr,i|det(Q′I\{i})|; since Lr(Q′)
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has cotorsion in Zn′+r′ , every r–minor of Q′ can’t be unimodular, giving
|det(QI)| > 1, against the non-singularity of γ;
• for (b) notice that if Q′ is a non–reduced W–matrix, then there exists a
column index h such that 1 ≤ h ≤ n′ + r′ and Lr(Q′{h}) has cotorsion in
Zn′+r′−1; in the bunch B(γ) there certainly exists a cone σ{h} not admitting
the column qh as a generator; Prop. 2.8 then gives that σ
{h} admits a unique
generator qi with n
′ + r′ + 1 ≤ i ≤ n + r; as above, the REF of Q then
gives |det(σ{h})| > 1, against the non-singularity of γ.
Then X is a PTB P(E)→ X ′. The smoothness of X ′ follows by the smoothness of
X.
The converse is obvious, since a PTB X(Σγ) = (P(E)→ X ′) over a smooth PWS
X ′ is clearly smooth, giving the non-singularity of γ. Moreover γ is maxbord by
Theorem 2.22. 
The previous results allows us to give the following characterization of a PWS
which is a toric flip (in the sense of § 1.3) of a toric cover of a PWS, by means of
a particular condition on the weight matrix: see the following Example 2.42 for a
PWS not satisfying such a condition and then not realizing this kind of a birational
equivalence.
Theorem 2.24. Let V be a CF–matrix and consider X(Σ), with Σ ∈ PSF(V ).
Then X is a toric flip of a toric cover X˜  PW (E) of a WPTB if and only if
Mov(V ) is maxbord w.r.t. an hyperplane H ⊆ F rR i.e., up to an application of
Lemma 2.14 sending H to Hr = {xr = 0}, there exists a positive, REF, W–matrix
Q = G(V ) looking as in (16) and such that
(1) either the left–upper submatrix Q′ is a reduced W–matrix: in this case X
is a toric flip of a WPTwB;
(2) or the left–upper submatrix Q′ is either a non–reduced W–matrix or satisfies
all the conditions of Definition 1.3 but condition b: in this case X is a toric
flip of a toric cover of a WPTwB.
Moreover, if X is smooth case (2) cannot occur and X turns out to be a toric flip
of a PTB if and only if the left–upper submatrix Q′ is a reduced W–matrix.
Proof. Let X(Σ) be a toric flip of a toric cover X˜(Σ˜) of a WPTB PW (E). This
means that we can assume Σ˜ ∈ PSF(V ) and γ˜ := γΣ˜ be a maxbord chamber,
w.r.t. an hyperplane H, of Γ(V ). This is enough to show that Mov(V ) is maxbord
w.r.t. H. Let us apply Lemma 2.14: then we can assume Q = G(V ) be a positive,
REF, W–matrix looking as in (16) and H = Hr be the supporting hyperplane of a
bordering primitive collection for Σ˜. Proceeding as in the proof of Theorem 2.22, the
upper left submatrix Q′ turns out to satisfy conditions (1) and (2) of the statement.
Conversely, let us assume Mov(V ) be maxbord w.r.t. an hyperplane H. This
means that there exists a maxbord chamber γ˜ ⊆ Mov(V ) w.r.t. the hyperplane H.
Proceeding as in the proof of Theorem 2.22 we can assume H = Hr and Q = G(V )
be a positive, REF, W–matrix looking as in (16). In particular the upper left
submatrix Q′ turns out to satisfy conditions (1) and (2) in the statement. Setting
Σ˜ := Σγ˜ ∈ PSF(V ), Theorem 2.22 ensures that X˜(Σ˜) is either a WPTwB, when
Q′ satisfies condition (1), or a toric cover of a WPTwB, when Q′ satisfies condition
(2). Clearly X is a toric flip of X˜.
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The last part of the statement, regarding the smooth case, follows by Corollary
2.23. 
2.4. The geometric meaning of a maximally bordering chamber. Recalling
Proposition 1.11 a maxbord chamber γ w.r.t. a hyperplane H gives a fan Σ = Σγ
such that the hyperplane H cuts out a common facet of Nef(X(Σ)) and Eff(X(Σ)):
dually we are fixing an extremal ray of the Mori cone NE(XΣ). By [10, Prop. 15.4.1,
Lemma 15.4.2(b,c) and Prop. 15.4.5(a)], contracting such an extremal ray gives rise
to a fibering morphism of Q–factorial complete toric varieties φ : X(Σ)→ X0(Σ0)
whose fibers are connected and isomorphic to a finite abelian quotient of a WPS
(also called a fake WPS ) whose dimension is given by s, where s+1 is the cardinality
|PH | of the primitive collection supported by H.
On the other hand if X is a PWS then Theorem 2.22 exhibits X as a toric cover
of a WPTB PW (E) so giving
X
f
toric cover
// PW (E) ϕ
WPTB
// X ′
Putting all together this means that the fibering morphism φ gives the morphism
with connected fibers of the Stein factorization of ϕ ◦ f , which is
(26) X
φ

f // PW (E)
ϕ

X0
f0
finite
// X ′
Let us underline that, by Theorem 2.22, the right hand side of diagram (26) al-
lows one to completely determine (starting from a fan CF–matrix V and, by Gale
duality, a REF positive W -matrix Q = G(V )) the toric cover f , the WPS giving
the fibers of PW (E) and the basis X ′, in terms of a collection of matrices giving
diagram (25).
Moreover Corollary 2.23 shows that when X is smooth both the finite morphisms
f and f0 in the commutative diagram (26) are trivial, meaning that in the smooth
case φ = ϕ.
Let us finally notice that [15, Prop. 1.11] and considerations following Prop. 2.5
in [6] suggest that a similar construction may probably be proposed in the more
general setup of Mori Dream Spaces and their ambient toric varieties.
2.5. Maximally bordering chambers and splitting fans. In [2, § 4] V. Batyrev
relates the fibred structure of smooth complete toric varieties with some intersection
properties of their primitive collections. In particular, restricting our attention to
the subclass of projective varieties, the previous Corollary 2.23, compared with [2,
Prop. 4.1], gives that
Given a reduced n × (n + r) CF–matrix V , with r ≥ 2, a non-singular
chamber γ ∈ AΓ(V ) is maximally bordering if and only if there exists a
primitive collection P for Σγ such that:
(i) the corresponding primitive relation r(P) is numerically effective,
(ii) P ∩ P ′ = ∅ for any primitive collection P ′ for Σγ such that P ′ 6= P.
Therefore Theorem 2.22 is clearly the extension of [2, Prop. 4.1] to the case of
Q–factorial projective toric varieties.
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Moreover the just given characterization of maxbord chambers in terms of pri-
mitive collections can be obtained by dropping the smoothness hypothesis too, i.e.
Proposition 2.25. Given a reduced n×(n+r) F–matrix V , with r ≥ 2, a chamber
γ ∈ AΓ(V ) is maximally bordering if and only if there exists a primitive collection
P for Σγ such that:
(i) the corresponding primitive relation rZ(P) is numerically effective,
(ii) P ∩ P ′ = ∅ for any primitive collection P ′ for Σγ such that P ′ 6= P.
Proof. If γ is maxbord then the existence of a nef primitive collection
P = {〈vs+1〉, . . . , 〈vn+r〉}
is guaranteed by Theorem 2.11: in particular we can assume that γ is maxbord w.r.t.
the hyperplane Hr and, saying P∗ = {〈qs+1〉, . . . , 〈qn+r〉}, Prop. 2.8 guarantees
that |σ(1) ∩ P∗| = 1, for every cone σ ∈ B(γ). Let P ′ be a further primitive
collection, for Σγ , supported on a hyperplane H
′ and let n′ be the numerical class
of P ′, which is the inward primitive normal vector to H ′. If there would exist a
qi ∈ P ∩ P ′ then condition (ii) of Proposition 2.2 gives a cone Ci,P′ ∈ B(γ) such
that Ci,P′(1) ∩ P ′∗ = {〈qi〉}. On the other hand |Ci,P′(1) ∩ P∗| = 1 implying that
Ci,P′(1) ∩ P∗ = {〈qi〉}. This is enough to show that Ci,P′ ∩H ′ = Ci,P′ ∩Hr hence
giving H ′ = Hr and therefore P ′ = P.
Conversely let P = {VP } be a primitive collection satisfying conditions (i) and
(ii) and supported by a hyperplane HP . Then (i) ensures that P is bordering and
Lemma 2.14 allows us to assume that HP = Hr and P = {i | s+ 1 ≤ i ≤ n+ r}.
Claim. Let qi ∈ P∗. If γ is not maxbord w.r.t. Hr then there exists a hyperplane
H ′ 6= Hr, cutting a facet of γ, whose inward normal vector n′ gives
n′ · qi > 0 .
Then the collection supported by H ′, i.e.
P ′∗ := {qj |qj is a column of Q with n′ · qj > 0}
turns out to be a primitive collection such that P ′ 6= P and P ′ ∩ P ⊇ {〈qi〉} 6= ∅,
giving a contradiction.
To prove the Claim let us consider all the hyperplanes H(1), . . . ,H(l) cutting a facet
of γ. Since γ is not maxbord w.r.t. Hr, none of them coincides with Hr. Let nj be
the primitive inward normal vector to H(j). If nj ·qi ≤ 0, for every 1 ≤ j ≤ l, then
−qi ∈ γ giving a contradiction since −qi has negative entries. Then there should
exist nj such that nj · qi > 0. 
Keeping in mind the previous Proposition 2.25 one can then give the following
generalization of [2, Thm. 4.3].
Proposition 2.26. Given a reduced n × (n + r) CF–matrix V , with r ≥ 2, let
γ ∈ AΓ(V ) be a maximally bordering chamber w.r.t. two distinct hyperplanes H
and H ′. Then X(Σγ) is a toric cover of a WPTB over a PWS X ′(Σ′) which is still
a toric cover of a WPTB.
Proof. The proof is given by an iterated application of Theorem 2.22. To start the
iteration one has to prove that the chamber γ′ = γ ∩H, as defined in the proof of
the Thm. 2.22, part (a), possibly up to a toric cover if we are in cases (b) or (c),
is still a maxbord chamber in Mov(V ′) w.r.t. H ∩H ′, where V ′ is the fan matrix
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of the basis of the first, possibly trivial, toric cover. This fact follows by observing
that every cone σ ∈ B(γ) has the following properties:
(1) |σ(1) ∩ P∗| = 1 ,
(2) |σ(1) ∩ P ′∗| = 1 ,
(3) P∗ ∩ P ′∗ = ∅ ,
where P and P ′ are nef primitive collections associated with H and H ′ respectively.
Then (1) and (2) follow by the maxbord hypothesis with respect to both these
hyperplanes and (3) follows immediately by Prop. 2.25. Therefore every cone σ ∈
B(γ) admits the decomposition σ = 〈p〉 + 〈p′〉 + 〈q1, . . . ,qr−2〉, with p ∈ P∗,
p′ ∈ P ′∗ and 〈q1, . . . ,qr−2〉 ⊂ H ∩ H ′. This suffices to show that γ′ is maxbord
w.r.t. H ∩H ′: in fact all the cones of B(γ′) comes from a cone in B(γ), since the
latter is always the Gale dual of a fibred cone, in the sense of (14). 
We are now in a position of understanding, in the projective case, the concept
of a splitting fan, as given in Definition 4.2. in [2], in terms of the geometry of the
associated chamber. Let us then set the following crucial definition.
Definition 2.27. Let V be a reduced n× (n+ r) F–matrix. A chamber γ ∈ Γ(V )
is called totally maxbord if it is maxbord with respect to r−1 distinct hyperplanes.
Moreover, for 1 ≤ l ≤ r − 1, the chamber γ is called l–recursively maxbord if there
exists a sequence of l distinct hyperplanes H(1), . . . ,H(l) such that γ is maxbord
w.r.t. H(1) and, for every 0 ≤ i ≤ l − 1, γ(i) := γ ∩ ⋂j≤iH(j) is maxbord w.r.t.
H(i+1) ∩⋂j≤iH(j), possibly up to a finite sequence of toric covers. When l = r− 1
we simply say that γ is recursively maxbord.
Notice that 1–recursively maxbord means simply maxbord. In particular
• if r = 2 then maxbord ⇔ recursively maxbord ⇔ totally maxbord.
By an easy induction, the previous Proposition 2.26 shows that a totally maxbord
chamber is a recursively maxbord chamber. Let us underline that the converse is
false, as the following Example 2.41 shows.
We can then state the following generalization of Cor. 4.4 in [2].
Theorem 2.28. A PWS X(Σ) is produced from a toric cover of a WPS by a
sequence of toric covers of WPTB’s if and only if the corresponding chamber γΣ is
recursively maxbord.
The proof is an easy iteration of Theorem 2.22.
Recalling that a Batyrev’s splitting fan is a non–singular fan whose primitive
collections are all disjoint pair by pair, by [2, Cor. 4.4] and the previous Theo-
rem 2.28 a splitting fan turns out to be completely equivalent to a fan associated
with a non–singular recursively maxbord chamber. Analogously to what was done
in Proposition 2.25 we can try to drop the smoothness hypothesis obtaining the
following:
Proposition 2.29. Given a reduced n × (n + r) F–matrix V , if γ ∈ Γ(V ) is a
(r− 2)–recursively maxbord chamber then any two different primitive collection for
Σγ have no common elements.
Remark 2.30. In the statement of Proposition 2.29 γ is supposed to be a (r − 2)–
recursively maxbord chamber and not necessarily a (r−1)–recursively maxbord one:
this fact may result surprising since, after the previous Theorem 2.28, a splitting fan
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is equivalent to a fan associated with a non–singular recursively maxbord chamber.
The following Example 2.31 clarifies the situation, describing a case which cannot
occur in the smooth case. Actually: a non–singular (r − 2)–recursively maxbord
chamber turns out to be necessarily a (r − 1)–recursively maxbord one.
This fact is a consequence of [2, Thm. 4.3] and Thm. 2.28. Notice that the starting
step of the induction proving [2, Thm. 4.3] does not more hold in the singular case
even for projective varieties, which is: there exist projective Q–factorial toric varie-
ties not admitting any nef primitive collection although their primitive collections
are disjoint pair by pair, as Example 2.31 shows.
Example 2.31. Consider the 2–dimensional PWS of rank 2 whose weight and fan
matrices are, respectively, given by
Q =
(
1 2 1 0
0 1 1 1
)
⇒ V = G(Q) =
(
1 0 −1 1
0 1 −2 1
)
Then Mov(V ) = 〈q2,q3〉 =
〈
2 1
1 1
〉
⊂ Q = F 2+, and there is a unique chamber
γ = Mov(V ), giving a unique fan Σγ . This fan admits only two disjoint primitive
collections given by P1 = {v1,v2} and P2 = {v3,v4} whose primitive relations are
given, respectively, by
v1 + v2 = v4 , v3 + 2v4 = v1 .
Hence γ does not admit any nef primitive collection.
In particular notice that P1 ∩ P2 = ∅ but γ is not even a bordering chamber.
Proof of Proposition 2.29. Let us first of all observe that if r = 2 then any chamber
always admits only two distinct and disjoint primitive collections.
Assume now r ≥ 3 and γ be a (r − 2)–recursively maxbord chamber. Then there
exists a hyperplane H such that γ is maxbord w.r.t. H and, possibly up to a toric
cover, γ′ := γ ∩H ∈ AΓ(V ′), where V ′ is a reduced fan matrix of the base of the
mentioned toric cover. Let us assume, for ease, that such a toric cover is trivial,
hence V ′ = G(Q′) where Q′ is the left–upper (r − 1) × (n + r − s − 1) submatrix
of Q = G(V ) and it is a W–matrix, as in part (a) of the proof of Thm. 2.22: such
an assumption does not cause any loss of generality since, after a toric cover, the
general case is reduced precisely to this situation, as in cases (b) and (c) of the
proof of Thm. 2.22. Let P be the nef primitive collection associated with H. As a
first step we want to show that:
(i) a primitive collection P(1) 6= P for the fan Σ is still a primitive collection
for Σ′ = Σ′γ′ .
Let us first of all observe that, by the maxbord hypothesis and Prop. 2.25, P(1)∩P =
∅, meaning that P(1)∗ ⊂ H. To prove (i) notice that all the rays contained in P(1)
cannot be contained in a unique cone of the fan Σ′ which is that, dually, there
cannot exist a cone σ′ ∈ B(γ′) such that σ′(1)∩P(1)∗ = ∅. In fact, by the maxbord
hypothesis w.r.t. H, there exists p 6∈ H such that σ = 〈p〉 + σ′ ∈ B(γ): if
P(1)∗ ∩ σ′(1) = ∅ then P(1)∗ ∩ σ(1) = ∅, since P(1)∗ ⊂ H and p 6∈ H; this gives a
contradiction with the assumption that P(1) is a primitive collection for Σ.
On the other hand if p(1) ∈ P(1)∗ then there exists a cone σ ∈ B(γ) such that
σ(1) ∩ P(1)∗ = {p(1)}. Again the maxbord hypothesis for γ w.r.t. H gives the
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existence of p 6∈ H and σ′ ∈ B(γ′) such that σ = 〈p〉+ σ′. Consequently
σ′(1) ∩ P(1)∗ = σ(1) ∩ P(1)∗ = {p(1)} ,
since P(1) ⊂ H while p 6∈ H. This suffices to prove (i).
As a second step, observe now that if P(1) 6= P(2) are two distinct primitive
collections for Σ with P(1)∩P(2) 6= ∅ then they give two distinct primitive collections
for Σ′ admitting common elements. End up now by induction. 
Let us now focus on the number of primitive collections. The following result
gives a relation between the minimal number of primitive collections and the mini-
mal number of facets of a chamber γ.
Proposition 2.32. Let V be a reduced n × (n + r) F–matrix and γ ∈ Γ(V ) a
(r − 2)–recursively maxbord chamber. Then γ is a simplicial cone if and only if
the associated fan Σγ admits precisely r primitive collections. In particular if γ is
simplicial and
(1) either r ≥ 3
(2) or γ is recursively maxbord
then at least one primitive collection is numerically effective.
Proof. Let us start by proving the only if condition: in fact after Thm. 1.4 in [9]
one knows that every facet of the chamber γ generates a primitive collection P:
e.g. by thinking P∗ as all the columns q of Q = G(V ) such that n · q > 0, where
n is the inward primitive normal vector n to the considered facet. Then γ admits
the minimal number r of facets, meaning that it is necessarily simplicial.
For the converse, let us first of all notice that, when r = 2, every chamber γ is
simplicial and admits precisely 2 primitive collections. For the second part of the
statement notice that, in this case, one of these two primitive collection is nef if
and only if γ is bordering, hence maxbord.
Let us now assume r ≥ 3 and γ be a simplicial (r − 2)–recursively maxbord
chamber. Let H(1) be a hyperplane w.r.t. γ is maxbord: then H(1) cuts out
a facet of γ and, possibly up to a toric cover, γ′ := γ ∩ H(1) ∈ AΓ(V ′), where
V ′ is a reduced fan matrix of the base of this toric cover. Let H(2), . . . ,H(r) be
the further r − 1 hyperplanes cutting out the remaining facets of γ. For every
1 ≤ i ≤ r, H(i) is the support of a primitive collection P(i) defined by setting
P(i)∗ = {q ∈ Q(1) |ni · q > 0}, where ni is the primitive inward normal vector to
H(i). By Prop. 2.29, i 6= j ⇒ P(i) ∩ P(j) = ∅ and the first step (i) in the proof of
this Proposition ensures that P(2), . . . ,P(r) are r − 1 distinct primitive collections
for Σ′ = Σ′γ′ . Assume now by induction that Σ
′ admits precisely r − 1 primitive
collections, meaning that P(2), . . . ,P(r) give all the primitive collections for Σ′. By
the same argument, if P 6= P(1) is a primitive collection of Σ then it is a primitive
collection of Σ′, which is, by induction, that P = P(i) for some 2 ≤ i ≤ r. This
suffices to show that Σ admits precisely r primitive collections given by the facets
of γ. Since γ is maxbord w.r.t. H(1) then P(1) is nef. 
Let us now assume that r ≤ 3. The previous Proposition 2.32 allows us to prove
the following result extending to the singular case an analogous result proven by
V. Batyrev in sections 5 and 6 of [2] under smoothness hypothesis (see the following
Remark 2.34).
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Theorem 2.33. Let V be a reduced n×(n+r) F–matrix with r ≤ 3. If γ ∈ Γ(V ) is
a maxbord chamber then γ is simplicial and the associated fan Σγ admits precisely
r primitive collections and at least one of them is numerically effective.
Proof. Let γ be a maxbord chamber w.r.t. the hyperplane H. Notice that
• if r ≤ 3 then a maxbord chamber is a simplicial cone.
In fact, if r ≤ 2 there is nothing to prove since every chamber is simplicial. Let us
assume r = 3. Therefore, every cone σ ∈ B(γ) can be written as follows
(27) σ = 〈p〉+ σ′ , with p 6∈ H , σ′ ⊂ H
Since γ =
⋂
σ∈B(γ) σ, (27) shows that γ admits a unique ray outside of the hyper-
plane H, generated by some p 6∈ H. Hence γ = p + σ′ for some σ′ ⊂ H which
is necessarily simplicial since dim(σ′) = 2. Then Proposition 2.32 concludes the
proof. In particular the primitive collection associated with the hyperplane H is
nef. 
Remark 2.34. Recalling Remark 2.30 the previous Theorem 2.33 generalizes a result
already proved by Batyrev under the further hypothesis that γ is non–singular,
meaning that Σγ is a splitting fan in the sense of Def. 4.2 in [2] (see Propositions 5.2–
5, Theorem 5.7 and Theorem 6.6 in [2]). Actually Batyrev proved also the converse
result, which is: a non–singular fan admitting precisely 3 primitive collections is
necessarily a splitting fan, which is, by Corollary 4.4 in [2] and Theorem 2.28, that
γ is a non–singular recursively maxbord chamber. Notice that this latter fact is
false in the singular case, as the following Example 2.44 shows.
2.6. Maximally bordering chambers and contractible primitive relations.
Let us conclude the present subsection by giving a partial generalization of results
by H. Sato and C. Casagrande. Let us first of all recall the following definition.
Definition 2.35 ([5], Def. 2.3). A class κ ∈ A1(X) ∩NE(X) is called contractible
if κ is a generator of the semigroup A1(X) ∩Q≥0κ and there exist
• some irreducible curve having numerical class in Q≥0κ,
• a toric variety Xκ,
• an equivariant morphism ϕκ : X −→ Xκ with connected fibers,
such that for every irreducible curve C ⊂ X
ϕκ(C) = {pt} ⇐⇒ [C] ∈ Q≥0κ .
Let us now assume that X is smooth: then rZ(P) = r(P). Corollary 2.4 and
Prop. 3.4 in [5] jointly with Prop. 2.25 above, allows one to conclude that
Proposition 2.36. Let X(Σ) be a smooth projective toric variety. Then the fol-
lowing facts are equivalent:
(1) there exists a numerically effective primitive relation κ = r(P) for Σ which
is contractible,
(2) there exists a nef primitive collection P for Σ such that for every primitive
collection P ′ 6= P, for Σ, then P ′ ∩ P = ∅,
(3) γΣ is a maxbord chamber.
In particular Xκ is smooth of dimension n − s and rank r − 1 and ϕκ is a toric
Ps–bundle.
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Proof. (1) ⇔ (2). This is precisely [5, Prop. 3.4]. In particular the contractible
primitive relation κ in part (1) is the primitive relation κ = r(P) of a primitive
collection P like in part (2) and viceversa.
(2) ⇔ (3). This is Prop. 2.25. In particular γΣ turns out to be maxbord w.r.t.
the the hyperplane HP supporting the primitive collection P as in part (2) and
viceversa.
Finally [5, Cor. 2.4] gives the last part of the statement. 
Theorem 2.22 and Proposition 2.25 allows us to extend the previous result to a
PWS, although the situation turns out to be more intricate. Let us first of all notice
that if f : X(Σ)→ X˜
(
Σ˜
)
is a toric cover then Lemma 2.21 guarantees that γ = γΣ
is a maxbord chamber if and only if γ˜ = γ˜Σ˜ is a maxbord chamber. Let H and H˜
be bordering hyperplanes of γ and γ˜, respectively, and P and P˜ be the collections
supported by H and H˜, respectively, and such that P˜ = {fR(v) |v ∈ P}: in this
case we will write P˜ = f(P). Prop. 2.25 implies that P and P˜ = f(P) turns out
to be nef primitive collection for Σ and Σ˜, respectively, both satisfying property
(2) in Prop. 2.36. Consider the associated numerically effective primitive relations
κ = rZ(P) and κ˜ = rZ
(
P˜
)
: also in this case we will write κ˜ = f(κ).
Definition 2.37. Given a toric cover f : X(Σ) → X˜
(
Σ˜
)
, a numerically effective
primitive relation κ = rZ(P) ∈ A1(X) ∩ NE(X) for Σ is called pseudo–contractible
if κ˜ = f(κ) is a contractible class in A1
(
X˜
)
∩ NE
(
X˜
)
. Then there exist a toric
variety Xκ˜ and the following commutative diagram of equivariant morphisms
(28) X
f //
ϕκ   
X˜
ϕκ˜

Xκ˜
such that ϕκ˜ has connected fibers and for every irreducible curve C ⊂ X
ϕκ(C) = {pt} ⇐⇒ [f(C)] ∈ Q≥0κ˜ .
Theorem 2.38. Let V be a reduced n × (n + r) CF–matrix and Σ ∈ PSF(V ).
Assume that there exists a primitive collection P for Σ whose primitive relation
κ = rZ(P) is numerically effective. By applying Lemma 2.14, assume that Hr =
{xr = 0} ⊆ F rR is the supporting hyperplane of P, meaning that there exists a
W–matrix Q = G(V ) in positive REF and looking as in (16), which is
Q =
n′+r′︷ ︸︸ ︷(
Q′
0 · · · 0
s+1︷ ︸︸ ︷
Q′′
w0 · · ·ws
)
hence giving rZ(P) = (w0, . . . , ws). Then, setting V ′ = G(Q′):
(1) κ is contractible if and only if the chamber γΣ is maxbord w.r.t. the hyper-
plane Hr and
(1.i) Q′ is a (r − 1)× (n+ r − s− 1) reduced W–matrix,
(1.ii) the columns of Q′′ are classes of s+1 Cartier divisors of X ′(Σ′) where
Σ′ ∈ PSF(V ′) is the fan associated with the chamber γ′ = γ ∩Hr,
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In particular the contraction ϕκ : X(Σ) −→ Xκ = X ′(Σ′) exhibits X as
WPTB whose fibers are isomorphic to the s–dimensional WPS P(w0, . . . , ws).
(2) κ is pseudo–contractible if and only if γΣ is maxbord w.r.t. the hyperplane
Hr and either (1.i) holds and
(2.ii) there exists a column of Q′′ giving the class of a Weil non–Cartier
divisor of X ′(Σ′) where Σ′ ∈ PSF(V ′) is the fan associated with the
chamber γ′ = γ ∩Hr,
or
(2.i) either Q′ is a (r − 1) × (n + r − s − 1) non–reduced W–matrix or Q′
satisfies all the conditions of Definition 1.3 but condition b.
In particular, in the former case ϕκ : X(Σ) → X ′(Σ′) exhibits X as a
WPTwB and in any case X is a toric cover of a WPTB.
In any case, either (1) or (2) occurs if and only if one of the following equivalent
conditions happens:
(I) γΣ is a maxbord chamber,
(II) for every primitive collection P ′ 6= P, for Σ, then P ′ ∩ P = ∅.
Proof. Case (1) is an application of Thm. 2.22 in the easiest situation in which Q is
a W–matrix of a WPTB. Then techniques proving [5, Prop. 3.4] and [27, Thm.1.10]
here applies as in the smooth case. Proving case (2) reduces to case (1) after we
consider the toric covers described in 2.2.3, to settle the case (2.ii), and in parts
(b) and (c) of the proof of Thm. 2.22, to settle the remaining case (2.i). Finally
equivalence of conditions (I) and (II) follows immediately by Prop.2.25. 
Remark 2.39. Let us here recall and apply what has been observed in § 2.4. The
fact that the chamber γΣ is maxbord w.r.t. the hyperplane H actually implies that
the primitive relation κ = rZ(PH), supported by H, is a nef contractible class of
A1(X)∩NE(X), whose contraction gives a fibering morphism φ : X(Σ)→ X0(Σ0).
Hence:
a pseudo–contractible class is actually a contractible class.
More precisely the fibering morphism φ turns out to be the morphism with con-
nected fibers of the Stein factorization of the composition ϕκ = ϕκ˜ ◦ f in the
commutative diagram (28), hence giving the following commutative diagram
(29) X
φ

f
toric cover
//
ϕκ
&&
X˜
ϕκ˜

X0
f0
finite morphism
// Xκ˜
The geometric description of the Stein factorization f0 ◦ φ of ϕκ on the left hand
side of diagram (29) is well known and has its roots in Reid’s paper [20] (see also
[10, Lemma 15.4.2 and Prop. 15.4.5] and references therein): nevertheless it simply
says that the fibers of φ are given by a fake WPS.
By Theorem 2.38, the factorization ϕκ˜ ◦ f of ϕκ on right hand side of diagram
(29) is completely described, starting from a fan matrix V of X, in terms of all the
matrices representing morphisms giving diagram (25).
2.7. Examples. In this section we give some applications of techniques just illus-
trated. Let us start with the case of smooth projective toric varieties presented
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along with the introduction of definitions and constructions given above, to make
a comparison between Batyrev’s techniques described in [2] and techniques here
presented.
Example 2.40 (Examples 1.5, 1.12 and 2.13 continued). Consider the smooth and
projective toric varietyX(Σ), of dimension and rank equal to 3, with Σ ∈ PSF(V ) =
SF(V ) = {Σ1,Σ2} defined in the Example 1.5. Recall Fig. 1, to visualizing visu-
alize the Gale dual cone Q = 〈Q〉 = F 3+ and Mov(V ) ⊆ Q and the two chambers
γ1, γ2, explicitly presented in Example 1.12.
In Example 2.13 we observed that both the chambers are intbord w.r.t. both the
hyperplanes H2 and H3 and moreover γ1 is maxbord w.r.t. these hyperplanes:
hence it is totally maxbord. Hyperplanes H2 and H3 are supporting collections,
P2 = {v3,v4} and P3 = {v5,v6}, respectively, which are primitive and nef for
both the fans Σ1 and Σ2. Batyrev’s results [2, Prop. 4.1, Thm. 4.3, Cor. 4.4] or
equivalently Corollary 2.23 and Theorem 2.28 above, ensure that X(Σ1) is a PTB
over a smooth toric surface of rank 2.
The weight matrix Q makes this fact quite explicit: the last row of Q gives the class
κ := r(P3) ∈ A1(X(Σi)) ∩ NE(X(Σi)) which is a numerically effective primitive
relation for both the fans Σ1,Σ2. The class κ turns out to be contractible when
hypotheses of [5, Prop. 3.4] are verified: more easily κ turns out to be contractible
by condition (3) in Prop. 2.36 above. The contraction morphism φκ is now explicitly
described by the weight matrix Q, following Corollary 2.23: namely
ϕκ : X(Σ1) −→ Y (Σ′)
exhibits X(Σ1) as a PTB, whose fibers are isomorphic to P1, over the toric surface
Y , whose weight matrix Q′ is obtained from Q by deleting the third row and the
5-th and 6-th columns, and whose fan Σ′ is the unique simplicial fan in SF (G (Q′)),
which is
Q′ =
(
1 1 1 0
0 0 1 1
)
, γ′ = γΣ′ =
〈
1 1
0 1
〉
=⇒ Y ∼= P (OP1 ⊕OP1(1)) .
By subtracting the third row and the second rows from the first one in Q, and
recalling the role of matrix Q′′ in (16), one gets the following weight matrix of
X (Σ1)
Q ∼ Q˜ =
 1 1 0 −1 0 −10 0 1 1 0 0
0 0 0 0 1 1
 =⇒ X(Σ1) ∼= P (OY ⊕OY (h))
where Y = P(OP1 ⊕ OP1(1)) and h is the generator of Pic(Y ) given by the pull–
back of the Picard generator OP1(1) of the base P1. Then we get a recursive PTB
structure given by
X(Σ1) ∼= P (OY ⊕OY (h)) // // Y ∼= P (OP1 ⊕OP1(1)) // // P1 .
Such a fibration of X(Σ1) is not unique since the contraction of the other numeri-
cally effective primitive relation κ′ := r(P2) gives precisely the same description of
X(Σ1). This fact can be immediately deduced from the weight matrix Q, whose se-
cond row gives the class κ′: in fact by exchanging the second and the third row and
reordering the columns to still get a REF matrix, one still obtains the W–matrix
Q.
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X(Σ2) is now obtained by P (OY ⊕OY (h)) after the elementary flip determined
by crossing the internal wall 〈q3,q5〉 of Mov(V ). Therefore the indetermination
loci of the elementary flip X(Σ1) oo // X(Σ2) are given by invariant 1-cycles
C1 := O(〈v4,v6〉) ⊂ X(Σ1) and C2 := O(〈v1,v2〉) ⊂ X(Σ2) . In fact in this
way the primitive collections P = {v1,v2} and P ′ = {v4,v6}, supported by the
hyperplane cutting the internal wall, and their foci are exchanged each other. This
means that P is a primitive collection for Σ1 and P ′ is a primitive collection for Σ2.
Notice that P ∩P3 = ∅, but P ′ ∩P3 = {v6} 6= ∅ and P ′ \ P3 = {v4}, meaning that
X(Σ2) is not a toric P1–bundle over Y and κ is not a contractible class for X(Σ2)
(by Prop. 2.36 and [5, Prop. 3.4], respectively).
Let us finally notice that Σ1 is a splitting fan, by Prop.2.29. This is clearly not
the case for the fan Σ2: moreover Σ1 turns out to admit 3 primitive collections and
Σ2 to admit 5 primitive collections, according with [2, § 5].
The following is still an example of smooth projective toric varieties coming from
chambers which are recursively maxbord but not maxbord.
Example 2.41. By adding the further column
 11
1
 in the weight matrix of the
previous Example 2.40, one gets the following reduced weight and fan matrices
Q =
 1 1 1 0 1 1 00 0 1 1 1 0 0
0 0 0 0 1 1 1
 ⇒ V =

1 0 0 0 0 −1 1
0 1 0 0 0 −1 1
0 0 1 0 −1 0 1
0 0 0 1 −1 1 0
 = G(Q)
The new weight column introduces a further subdivision in Q = F 3+ along the
hyperplane H : x2 − x3 = 0, through q1 =
 10
0
 = q2 and q5 =
 11
1
, leaving
unchanged Mov(V ) and giving PSF(V ) = SF(V ) = {Σ1,Σ2,Σ3,Σ4}. See Fig. 2.
The four simplicial complete fans Σi are described by the following chambers
γ1 = 〈q1 = q2,w,q6〉 =
〈
1 2 1
0 1 0
0 1 1
〉
, γ2 = 〈q1 = q2,q3,w〉 =
〈
1 1 2
0 1 1
0 0 1
〉
γ3 = 〈q3,w,q5〉 =
〈 1 2 1
1 1 1
0 1 1
〉
, γ4 = 〈w,q5,q6〉 =
〈 2 1 1
1 1 0
1 1 1
〉
respectively, where q1, . . . ,q7 are the columns of Q and w := q3+q6 = q1+q5 =
q2 + q5 . Let us observe that X(Σi) is smooth for every i = 1, . . . , 4.
In particular both γ1 and γ2 are recursively maxbord chambers, γ1 w.r.t. the
sequence of hyperplanes H2, H and γ2 w.r.t. the sequence of hyperplanes H3, H:
notice that none of them is totally maxbord.
Let us firstly describe the sequence of PTB’s describing X(Σ2) and given by
the recursively maxbord structure of γ2. The last row of Q gives the numerically
effective primitive relation κ = r(P2) of the primitive collection P2 = {v5,v6,v7},
for Σ2, associated with the maxbord hyperplane H3. The left–upper 2×4 submatrix
Q′ w.r.t. the primitive collection P∗2 is the same as in the previous Example 2.40.
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Figure 2. Ex. 2.41: the section of the cone Mov(V ) and its four cham-
bers, inside the Gale dual cone Q = F 3+, as cut out by the plane∑3
i=1 x
2
i = 1.
Therefore the contraction of κ gives the morphism ϕκ : X(Σ2) −→ Y (Σ′), where Y
has weight matrix Q′ and Σ′ is the unique simplicial fan in SF (G (Q′)), associated
with the chamber
γ′2 = γ2 ∩H3 =
〈
1 1
0 1
〉
.
Notice that H3 ∩ H gives the line generated by q1, hence the hyperplane H ′2 of
Q′, w.r.t. γ′2 is clearly maxbord. Hence, as above, Y ∼= P (OP1 ⊕OP1(1)) and the
contraction of the primitive relation P ′2, associated with γ′2, gives the structural
projection P (OP1 ⊕OP1(1))  P1. On the other hand, by firstly subtracting the
second row to the first one and then subtracting the third row to the previous ones,
in Q, one gets the following weight matrix of X (Σi)
Q ∼ Q˜ =
 1 1 0 −1 −1 0 −10 0 1 1 0 −1 −1
0 0 0 0 1 1 1

which gives
X(Σ2) ∼= P (OY (h)⊕OY (f)⊕OY (f + h))
where f, h are the generators of Pic(Y ) given by the fibre and the pull–back of the
Picard generator of the base P1, respectively. Therefore X(Σ2) is obtained from P1
by the following sequence of PTB’s:
X(Σ2) ∼= P (OY (h)⊕OY (f)⊕OY (f + h)) // //Y ∼= P (OP1 ⊕OP1(1)) // //P1 .
For what concerns X(Σ1), by exchanging the second and the third rows in Q and
reordering the columns one gets still the same weight matrix, but now the last row
gives the primitive relation κ′ = r(P1) of the primitive collection P1 = {v3,v4,v5}
for Σ1. By the previous analysis we still get
X(Σ1) ∼= P (OY ′ ⊕OY ′(f ′)⊕OY ′(f ′ + h′)) // //Y ′ ∼= P (OP1 ⊕OP1(1)) // //P1 .
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The elementary flip X(Σ1) oo // X(Σ2) is then obtained by crossing the internal
wall of Mov(V ) cut out by the hyperplane H and the indetermination loci are
described by the foci of the primitive collections supported by H w.r.t. the two
fans Σ1 and Σ2, namely P ′1 = {v6,v7} for Σ1 and P ′2 = {v3,v4} for Σ2, whose foci
are given by the cones 〈v3,v4〉 and 〈v6,v7〉, respectively. The indetermination loci
are then given by C1 = O(〈v3,v4〉) ⊂ X(Σ1) and C2 = O(〈v6,v7〉) ⊂ X(Σ2).
Let us finally observe that both the chambers γ1 and γ2 are simplicial, accord-
ingly with Proposition 2.32: moreover they both admit three primitive collections,
namely:
Σ1  P1 = {v3,v4,v5},P ′1 = {v6,v7},P ′′ = {v1,v2}
Σ2  P2 = {v5,v6,v7},P ′2 = {v3,v4},P ′′ = {v1,v2}
In particular both Σ1 and Σ2 are splitting fans while this clearly does not hold for
Σ3 and Σ4.
The following examples will deal with singular Q–factorial PWS then applying
techniques introduced in this paper. Let us start by giving an example not satisfying
hypothesis of Theorem 2.24.
Example 2.42. Consider the 2–dimensional PWS X(Σ), of rank 3, whose reduced
fan matrix is given by
V =
(
1 0 −1 1 −1
0 1 −2 1 −1
)
=⇒ Q =
 1 1 0 0 10 1 1 1 0
0 0 0 1 1
 = G(V ) .
Then PSF(V ) = SF(V ) = {Σ} and the unique simplicial complete fan Σ is asso-
ciated with the unique chamber of Mov(V ) ⊂ Q
γ = Mov(V ) = 〈q2,w1,w2,w3〉 =
〈 1 1 2 1
1 2 1 1
0 1 1 1
〉
where q1, . . . ,q5 are the columns of Q and
w1 := q2 + q4 , w2 = q2 + q5 , w3 = q1 + q4 = q3 + q5
(see Fig. 3). Notice that the cone σ =
〈
1 −1
0 −2
〉
is a maximal cone of Σ, hence
X(Σ) turns out to admit a singular point. The last row of Q gives the numerical
effective primitive relation rZ(P ) ∈ A1(X(Σ)) ∩ NE(X(Σ)) of the primitive collec-
tion P = {v4,v5}. Moreover γ is not a maxbord chamber and, being the unique
chamber in Mov(V ), the PWS X cannot be birational and isomorphic in codimen-
sion 1 to a toric cover of a WPTB, by Theorem 2.22. Notice that, by Theorem 2.24,
this fact is equivalent to assert that the left–upper 2× 3 submatrix Q′ of Q, w.r.t.
the primitive collection P, has to violate one of the conditions in Def. 1.3 different
from condition (b). In fact Q′ =
(
1 1 0
0 1 1
)
giving that (1, 0,−1) ∈ Lr(Q),
contradicting the condition (f) in the Def. 1.3.
Example 2.43. The present example is devoted to give an account of the case (b)
in the proof of Thm. 2.22. Consider a 4–dimensional PWS of rank 3 given by the
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Figure 3. Ex. 2.42: the section of the cone γ = Mov(V ) inside the
Gale dual cone Q ⊂ F 3+, as cut out by the plane
∑3
i=1 x
2
i = 1.
following reduced fan and weight matrices
V =

1 0 0 −1 0 2 −4
0 1 0 −1 0 2 −4
0 0 1 −1 0 1 −2
0 0 0 0 1 −1 1
⇒ Q =
 1 1 1 1 0 0 00 0 1 2 1 1 0
0 0 0 0 1 2 1
 = G(V )
The first interest of this example is in the fact that
|PSF(V )| = 8 < 10 = |SF(V )|
meaning that V carries two distinct fans of Q–factorial complete toric varieties
of rank 3 which are not projective. In particular X(Σ) is singular for every fan
Σ ∈ SF(V ). Figure 4 describes the Gale dual cone Q = 〈Q〉 and Mov(V ) with its
eight chambers γi , i = 1, . . . , 8. Following the notation introduced Example 2.40,
the associated fans Σi := Σγi are given by all the faces of their maximal cones. The
two non projective fans are generated by the following list of maximal cones:
Σ9(4) = {{2, 3, 4, 7}, {2, 3, 4, 6}, {2, 3, 5, 7}, {2, 3, 5, 6}, {1, 3, 4, 7}, {1, 2, 4, 7},
{1, 3, 4, 6}, {1, 2, 4, 6}, {1, 3, 5, 7}, {1, 2, 5, 7}, {1, 3, 5, 6}, {1, 2, 5, 6}}
Σ10(4) = {{2, 4, 5, 7}, {2, 4, 6, 7}, {2, 3, 5, 7}, {2, 3, 6, 7}, {1, 4, 5, 7}, {1, 4, 6, 7},
{1, 2, 4, 5}, {1, 2, 4, 6}, {1, 3, 5, 7}, {1, 2, 3, 5}, {1, 2, 3, 6}, {1, 3, 6, 7}} .
The intersection of the cones in the associated bunches of cones inside Q, gives, in
both the cases, the 1-dimensional cone
〈w1〉 with w1 = q3 + q6 = q1 + 2q5 = q2 + 2q5 = q4 + 2q7 =
 12
2

which is the primitive generator of the common ray to the six chambers γi, 2 ≤ i ≤ 7
(see Fig. 4). Among the 8 distinct chambers of Mov(V ), giving the projective fans,
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Figure 4. Ex. 2.43: this is the section cut out by the plane
∑
x2i = 1
of the cone Mov(V ), with its eight chambers, inside the Gale dual cone
Q ⊂ F 3+.
the unique maxbord chamber is given by
γ8 = 〈q1 = q2,q3,w〉, with w = q3 + q7 = q1 + q5 = q2 + q5 =
 11
1

which actually is also a recursively (no totally) maxbord chamber w.r.t. the se-
quence of hyperplanes H3, H, where H is the hyperplane x2 − x3 = 0, through
q1 (or, equivalently, q2) and q5. The maxbord hyperplane H3 supports the nef
primitive collection P = {v5,v6,v7} whose numerically effective primitive relation
κ = rZ(P) is given by the last row of Q. Notice that the left–upper 2×4 submatrix
Q′ =
(
1 1 1 1
0 0 1 2
)
of Q is a non–reduced W–matrix: in fact Lr
(
Q{3}
) ⊂ Z3
has cotorsion, admitting the generator (0, 0, 2). We are then in case (b) in the proof
of Thm. 2.22. Using the same notation therein, we then get
A = diag(1, 1/2, 1/2) ∈ GL3(Q)(30)
B = diag(1, 1, 2, 1, 2, 2, 2) ∈ GL7(Q) ∩M7(Z)
which give
Q˜ = AQB =
 1 1 2 1 0 0 00 0 1 1 1 1 0
0 0 0 0 1 2 1

V˜ = G
(
Q˜
)
=

1 0 0 −1 0 1 −2
0 1 0 −1 0 1 −2
0 0 1 −2 0 1 −2
0 0 0 0 1 −1 1

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Recall that V is a CF–matrix then H := HNF(V T ) =
(
I4
03,4
)
[23, Thm. 2.1(4)].
Let U ∈ GL7(Z) such that U ·V T = H. Then the upper 4 rows of U give 4U ·V T = I4
(recall notation in list 1.1). Therefore
V T · C = B · V˜ T =⇒ C = 4U ·B · V˜ T =

1 0 0 0
0 1 0 0
0 0 2 0
0 0 0 2
 .
Since detC = 4, calling f : N → N˜ the map represented by CT , one gets that
f(N) turns out to be a subgroup of index 4 in N˜ . The fan Σ˜ = fR(Σ8) is then the
fan defined by the simplicial chamber
(31) γ˜ := 〈q˜1 = q˜2, q˜3, w˜〉 =
〈 1 2 2
0 1 1
0 0 1
〉
⊂ Mov
(
V˜
)
where q˜i are the columns of Q˜ and w˜ = q˜3 + q˜7 =
 21
1
. It is still a recursively
maxbord chamber w.r.t. the same sequence of hyperplanes H3, H. The maxbord
hyperplane H3 supports the nef primitive collection P˜ = {v˜5, v˜6, v˜7} whose nu-
merically effective primitive relation κ˜ = rZ(P˜) is given by the last row of Q˜. Now
that the left–upper 2 × 4 submatrix Q˜′ =
(
1 1 2 1
0 0 1 1
)
of Q˜ turns out to be
a reduced W–matrix: then we are now in case (a) of the proof of Thm. 2.22 and
X˜(Σ˜) turns out to be either a WPTwB or a WPTB.
Let us first describe the toric cover f : X → X˜ induced by the homomorphism
f : N ∼= Zn → N˜ ∼= Zn, represented by the transposed matrix CT . Recalling
the Cox’s description of X and X˜ as geometric quotients, the covering f is then
completely described by taking the non-trivial entries of the diagonal matrix BT
as exponents of the Cox ring variables of X to obtain the Cox ring variables of X˜.
One then gets that
f is a double covering ramified along the torus-invariant divisors D3, D5,
D6 and D7.
On the other hand, to describe the structure of X˜, notice that
Q˜′ ∼
(
1 1 0 −1
0 0 1 1
)
Hence, going on as in the previous Example 2.40 and applying Theorem 2.38, one
gets that X˜ is a WPTB over the PTB Y ∼= P (OP1 ⊕OP1(1)), whose weights are
given by W = (1, 2, 1). The fibration is given by the contraction ϕκ˜ of the class κ˜.
After suitable operations on the rows of Q˜, one gets the following weight matrix of
X˜
Q˜ ∼
 1 1 0 −1 −2 −2 00 0 1 1 0 −1 −1
0 0 0 0 1 2 1

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hence giving
X˜
(
Σ˜
) ∼= P(1,2,1) (OY (2h)⊕OY (f + 2h)⊕OY (f))
where f, h are the generators of Pic(Y ) given by the fibre and the pull–back of the
Picard generator OP1(1) of the base P1, respectively.
In conclusion: X(Σ8) is obtained from P1 by means of the following sequence of
toric covers and WPTB’s
X
2:1
f
// P(1,2,1) (OY (2h)⊕OY (f + 2h)⊕OY (f))
ϕκ˜ Y ∼= P (OP1 ⊕OP1(1)) P1
Let us finally observe that, accordingly with Proposition 2.32, the fan Σ admits
only the following primitive collections
(32) P = {v5,v6,v7} , P ′ = {v3,v4} , P ′′ = {v1,v2}, .
Example 2.44. The present example is devoted to give an account of the case (c)
in the proof of Thm. 2.22. Moreover this example is obtained by the previous
Ex. 2.43 by breaking the symmetry around the ray
〈 1
2
2
〉
∈ Γ(1) of the secondary
fan Γ. This is enough to get a simplicial and complete fan Σ ∈ SF(V ) such that
γΣ = Nef(X(Σ)) = 0.
Consider a 4–dimensional PWS of rank 3 given by the following reduced fan and
weight matrices
V =

1 0 −1 0 0 6 −12
0 1 −1 0 0 4 −8
0 0 0 1 0 −2 4
0 0 0 0 1 −1 1
⇒ Q =
 1 1 1 0 0 0 00 2 6 2 1 1 0
0 0 0 0 1 2 1
 = G(V )
Then:
• |PSF(V )| = 12 < 13 = |SF(V )|, meaning that V carries one fan of a Q–
factorial complete toric varieties of rank 3 which is not projective; explicitly
this is generated as the faces of maximal cones in
Σ13(4) = {{3, 4, 5, 7}, {3, 4, 6, 7}, {2, 3, 5, 7}, {2, 3, 5, 6}, {2, 3, 6, 7}, {2, 4, 5, 7},
{2, 4, 6, 7}, {1, 3, 4, 5}, {1, 3, 5, 6}, {1, 3, 4, 6}, {1, 2, 4, 5}, {1, 2, 5, 6}, {1, 2, 4, 6}}
The intersection of the cones in the associated bunch of cones inside Q,
gives the trivial cone 〈0〉.
• X(Σ) is singular for every fan Σ ∈ SF(V ),
• among the 12 distinct chambers of Mov(V ), giving the projective fans,
there are two maxbord chambers which are both no recursively maxbord
chambers: these are given by the simplicial chambers (see Fig. 5)
γ5 := 〈q5,q6,w1〉 =
〈 0 0 1
1 1 12
1 2 12
〉
, γ10 := 〈q2,q3,w2〉 =
〈 1 1 1
2 6 6
0 0 4
〉
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Figure 5. Ex. 2.44: the section of the cone Mov(V ) and its twelve
chambers, inside the Gale dual cone Q = F 3+, as cut out by the plane∑3
i=1 x
2
i = 1.
which give the fans of faces of maximal cones in the following lists
Σ5(4) = {{2, 3, 5, 7}, {2, 3, 4, 7}, {2, 3, 5, 6}, {2, 3, 4, 6}, {1, 3, 5, 7}, {1, 3, 4, 7},
{1, 3, 5, 6}, {1, 3, 4, 6}, {1, 2, 5, 7}, {1, 2, 4, 7}, {1, 2, 5, 6}, {1, 2, 4, 6}}
Σ10(4) = {{2, 3, 5, 7}, {2, 3, 5, 6}, {2, 3, 6, 7}, {2, 4, 5, 7}, {2, 4, 5, 6}, {2, 4, 6, 7},
{1, 3, 5, 7}, {1, 3, 5, 6}, {1, 3, 6, 7}, {1, 4, 5, 7}, {1, 4, 5, 6}, {1, 4, 6, 7}}
• γ5 is maxbord w.r.t. the hyperplane H1 and γ10 is maxbord w.r.t. the
hyperplane H3,
• the maxbord hyperplaneH1 gives the nef primitive collection P ′ = {v1,v2,v3}
for Σ5 = Σγ5 whose numerically effective primitive relation κ
′ = rZ(P ′)
gives the first row of Q,
• the maxbord hyperplaneH3 gives the nef primitive collection P = {v5,v6,v7}
for Σ10 = Σγ10 whose numerically effective primitive relation κ = rZ(P)
gives the last row of Q.
Let us start by studying X(Σ10).
The left–upper 2 × 4 submatrix Q′ =
(
1 1 1 0
0 2 6 2
)
is a positive matrix which
does not satisfy condition (b) in the Def. 1.3: we are then in case (c) in the proof
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of Thm. 2.22. Using the same notation therein, we then get
A = diag(1, 1/2, 1/2) ∈ GL3(Q)
B = diag(1, 1, 1, 1, 2, 2, 2) ∈ GL7(Q) ∩M7(Z)
which give
Q˜ = AQB =
 1 1 1 0 0 0 00 1 3 1 1 1 0
0 0 0 0 1 2 1

V˜ = G
(
Q˜
)
=

1 0 −1 0 0 3 −6
0 1 −1 0 0 2 −4
0 0 0 1 0 −1 2
0 0 0 0 1 −1 1

As in the previous Ex. 2.41, let U ∈ GL7(Z) such that U · V T = H =
(
I4
03,4
)
.
Then
V T · C = B · V˜ T =⇒ C = 4U ·B · V˜ T =

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 2
 .
Since detC = 2, calling f : N → N˜ be the Z–linear map represented by CT , one
gets that f(N) turns out to be a subgroup of index 2 in N˜ . Consider the fan
Σ˜ = fR(Σ10) and the associated Q–factorial projective toric variety X˜
(
Σ˜
)
. The
left–upper 2 × 4 submatrix Q˜′ =
(
1 1 1 0
0 1 3 1
)
is now a W–matrix, meaning
that Q˜ satisfies condition (a) in the proof of Theorem 2.22, and X˜ is either a WPTB
or a WPTwB. Subtracting the third row to the second one, we get
Q˜ ∼
 1 1 1 0 0 0 00 1 3 1 0 −1 −1
0 0 0 0 1 2 1

and X˜ is a WPTB if and only the columns of the right upper 2 × 3 submatrix
Q˜′′ =
(
0 0 0
0 −1 −1
)
belongs to Pic(Y ), where Y is the toric surface of rank 2
determined by the fan associated with unique chamber of
Mov
(
G
(
Q˜′
))
=
〈
1 1
1 3
〉
.
Recalling [22, Thm. 2.9(2)] a basis of Pic(Y ) can be determined by following the
procedure described in [22, § 1.2.3] and obtaining:
Pic(Y ) = L(L1, L2) ∼= Z2 where L1 =
(
2
0
)
, L2 =
( −1
3
)
.
Hence −(L1 + 2L2) =
(
0
−6
)
, meaning that the Cartier indexes of Weil divisors
whose classes are the columns of Q˜′′ are l0 = 1, l1 = l2 = 6, respectively. Re-
calling Prop. 2.19, X˜ turns out to be a WPTwB and in particular a toric cover
CLASSIFICATION OF Q–FACTORIAL PROJECTIVE TORIC VARIETIES 47
of the WPTB PW ′(E) where W ′ = W = (1, 2, 1) is the reduced weight vector of
(l0w0, l1w1, l2w2) = (1, 12, 6) and E = OY ⊕OY (6D′4)⊕2.
To explicitly determine the toric cover g : X˜ → PW (E) one has to determine
matrices ∆,Λ,Φ as in the proof of Prop. 2.19. Namely
∆ = diag(1, 1, 1/6) ∈ GL3(Q)
Λ = diag(1, 1, 1, 1, 6, 6, 6) ∈ GL7(Q) ∩M7(Z)
which give
˜˜
Q = ∆Q˜Λ =
 1 1 1 0 0 0 00 1 3 1 6 6 0
0 0 0 0 1 2 1

˜˜
V = G
(˜˜
Q
)
=

1 0 −1 3 0 0 0
0 1 −1 2 0 0 0
0 0 0 6 0 −1 2
0 0 0 0 1 −1 1

Hence
PW (E) = P(1,2,1) (OY ⊕OY (6D′4)⊕2) = ˜˜X (˜˜Σ) , with ˜˜Σ = gR (Σ˜) = (g ◦ f)R (Σ10) .
Moreover, calling U˜ ∈ GL7(Z) such that U˜ · V˜ T = H˜ =
(
I4
03,4
)
, then
V˜ T · Φ = Λ · ˜˜V T =⇒ Φ = 4U˜ · Λ · ˜˜V T =

1 0 0 0
0 1 0 0
3 2 6 0
0 0 0 6
 .
Then g
(
N˜
)
is a subgroup of index det(Φ) = 36 of
˜˜
N . Therefore X(Σ10) turns out
to admit the following geometric structure:
X (Σ10)
f
2:1 // // X˜
g
36:1 // // P(1,2,1)
(OY ⊕OY (6D′4)⊕2) ϕ˜˜κ // // Y
where:
• f is a double toric cover ramified along the torus invariant Weil divisors
D5, D6, D7 of X, as one can immediately deduce from the diagonal matrix
B,
• g is a 36 : 1 toric cover ramified along the torus invariant Weil divisors
D˜5, D˜6, D˜7 of X˜, as one can immediately deduce from the diagonal matrix
Λ,
• ϕ˜˜κ is the contraction morphism of the contractible class ˜˜κ = g ◦ f(κ),
under the notation introduced in Def. 2.37, meaning that κ is a pseudo-
contractible class.
For what concerns the further maxbord chamber γ5, the study of X(Σ5) goes over
in the same way as just done for X(Σ10), after exchanging each other the first
and third rows of Q and reordering the columns to still get a REF matrix, hence
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obtaining
(33) Q ∼
 1 2 1 0 0 0 00 1 1 2 6 2 0
0 0 0 0 1 1 1

Let us reassign Q as the right matrix in (33). Then we get an analogous reassign-
ment for
V = G(Q) =

1 1 −3 0 0 1 −1
0 2 −4 0 0 1 −1
0 0 0 1 0 −1 1
0 0 0 0 1 −3 2

Now the left upper 2×4 submatrix Q′ =
(
1 2 1 0
0 1 1 2
)
is a W–matrix, implying
that X(Σ5) is already either a WPTB or a WPTwB over the toric surface Y
′ of
rank 2 and determined by the fan associated with unique chamber of
Mov
(
G
(
Q˜′
))
=
〈
2 1
1 1
〉
.
Still applying [22, Thm. 2.9(2)] we get
Pic(Y ′) = L(L1, L2) ∼= Z2 where L1 =
(
4
0
)
, L2 =
(
0
2
)
.
By subtracting 6 times the third row to the second one in Q we get
Q ∼
 1 2 1 0 0 0 00 1 1 2 0 −4 −6
0 0 0 0 1 1 1

and we see that the column of the right upper 2 × 3 submatrix
(
0 0 0
0 −4 −6
)
belongs to Pic(Y ′). Then X(Σ5) is a WPTB over Y ′ and better
X(Σ5) = P (OY ′ ⊕OY ′(2D′4)⊕OY ′(3D′4))
ϕκ′ // // Y ′
is actually a PTB over Y ′, whose fibers are isomorphic to P2 since W = (1, 1, 1):
the fibration morphism ϕκ′ is given by the contraction of the contractible class
κ′ = rZ(P ′).
For the remaining ten fans Σi, i = 1, . . . , 4, 6, . . . , 9, 11, 12, by Theorem 2.24 we
can only say that X(Σi) is a toric flip either of X(Σ10), hence of a toric cover of a
WPTB, or of X(Σ5), hence of a PTB.
Remark 2.45. For smooth threefolds O. Fujino and S. Payne [11] proved that
Nef(X) 6= 0 for r ≤ 4. In the previous Example 2.44 the fan Σ13 is associated
with the trivial cone 〈0〉 ⊂ Q, giving a 4–dimensional Q–factorial complete toric
variety X with Picard number r = 3 such that Nef(X) = 0, hence showing that the
Fujino–Payne inequality does no more hold when dropping the smoothness hypo-
thesis. One might object that the given example has dimension 4, while the result
of Fujino and Payne applies in dimension 3, but in the forthcoming paper [26] we
will provide an example of a 3–dimensional Q–factorial complete toric variety X
with Picard number r = 3 such that Nef(X) = 0: for reasons of space and inhe-
rence we do not propose that example in the present paper. Anyway we claim that
example to be a sharp one, both for the dimension n and the rank r since, on the
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one hand, it is well known that every complete toric variety of dimension ≤ 2 is
projective (see e.g. [18, § 8, Prop. 8.1]) and, on the other hand, in the same paper
we will prove that a Q–factorial, complete, toric variety of rank r = 2 is projective.
3. Classifying Q–factorial projective toric varieties
In the present section we will apply the results obtained in § 2 for a PWS to the
case of a singular Q–factorial projective variety, recalling that the latter is always
a finite quotient of a PWS, after [23, Thm. 2.2].
3.1. 1-coverings of Q-factorial complete tric varieties. For reader conve-
nience we begin this section by presenting some definitions and results from [23],
needed for the comprehension of results given in the next § 3.2.
For ease, let us here assume X and Y be normal and complete algebraic varieties,
which is enough for our purpose.
Definition 3.1. [see Def. 1.9 in [23]] A finite surjective morphism ϕ : Y → X is
called a covering in codimension 1 (or simply a 1–covering) if it is unramified in
codimension 1, that is, there exists a subvariety V ⊆ X such that codimX V ≥ 2
and ϕ|YV is a topological covering, where YV := ϕ−1(X \ V ). Moreover a universal
covering in codimension 1 is a 1-covering ϕ : Y → X such that for any 1–covering
φ : X ′ → X of X there exists a 1–covering f : Y → X ′ such that ϕ = φ ◦ f .
Recall notation introduced in Definitions 1.2, 1.3 and 1.4. AQ–factorial complete
toric variety X is given by a reduced F–matrix V and a fan Σ ∈ SF(V ) such
that X = X(Σ). Let Q = G(V ) be a positive REF W–matrix. Then, by [22,
Prop. 3.12(1)], V̂ = G(Q) is a CF–matrix and the choice of Σ ∈ SF(V ) uniquely
determines a fan Σ̂ ∈ SF(V̂ ) such that Y = Y (Σ̂) is a PWS, so giving a canonical
universal 1-covering of X. This is, in short, one of the main results of [23]. Namely:
Theorem 3.2 (Thm. 2.2 in [23]). A Q–factorial, complete toric variety X admits
a canonical universal 1-covering, Y which is a PWS and such that the 1-covering
morphism ϕ : Y → X is equivariant with respect to the torus actions. In particular
every Q–factorial, complete toric variety X can be canonically described as a finite
geometric quotient X ∼= Y/pi1(Xreg) of a PWS Y by the torus–equivariant action of
pi1(Xreg) ∼= Tors(Cl(X)).
In particular, if X is projective then, by construction, fans Σ and Σ̂ are associated
with the same chamber i.e.
γΣ = γΣ̂ ⊆ Mov(V ) ⊆ Q = 〈Q〉 .
Remark 3.3. The action of pi1(Xreg) on Y can be (non-canonically) described by
means of a torsion matrix Γ representing the torsion part of the class morphism
dX = fX ⊕ τX :WT (X) Q⊕Γ // Cl(X) ∼= F ⊕ Tors(Cl(X))
where F is a free part of the class group Cl(X). Namely:
(1) the torsion matrix Γ is constructed as follows:
• choose fan matrices V and V̂ = G(G(V )) of X and Y , respectively,
such that there exists a diagonal matrix
∆ = diag(c1, . . . , cn) ∈ GLn(Q) ∩Mn(Z)
with
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- 1 = c1 | . . . | cn ,
- V = ∆ · V̂ ,
- Tors(Cl(X)) ∼= ⊕ni=1 Z/ciZ = ⊕sk=1 Z/τkZ ,
according with the decomposition of Cl(X) given by the funda-
mental theorem of finitely generated abelian groups,
Cl(X) = F ⊕ Tors(Cl(X)) ∼= Zr ⊕
s⊕
k=1
Z/τkZ
where s < n , τk = cn−s+k > 1 , c1 = · · · = cn−s = 1
(this is possible by [23, Thm. 3.2(4)]);
• recalling notation on submatrices given in list 1.1, consider
UQ ∈ GLn+r(Z) : UQ ·QT = HNF(QT )
U :=
(
rUQ
V̂
)
∈ GLn+r(Z)
W ∈ GLn+r(Z) : W · (n+r−sU)T = HNF
(
(n+r−sU)T
)
G := sV̂ · (sW )T ∈Ms(Z)
UG ∈ GLs(Z) : UG ·GT = HNF(GT ) .
then define
(34) Γ = UG · sW mod τ
where this notation means that the (k, j)–entry of Γ is given by the
class in Z/τkZ represented by the corresponding (k, j)–entry of sUG ·
sW , for every 1 ≤ k ≤ s , 1 ≤ j ≤ n+ r [24, Thm. 3.2(6)]
(2) consider the action of pi1(Xreg) defined by means of its dual group µ(X) :=
Hom(Tors(Cl(X)),C∗) and induced by the natural complex multiplication
of Hom(WT (Y ),C∗) on Y and the injection µ(X) ↪→ Hom(WT (Y ),C∗)
dually determined by Γ [23, § 4]
Such an action gives rise to a good geometric quotient Y // // X = Y/µ , due to
the famous Cox’s result [8].
3.2. A Batyrev type classification. The previous 3.2, jointly with Theorem 2.22,
Theorem 2.24 and Theorem 2.28, respectively, allows us to prove the following state-
ments.
Theorem 3.4. Given a reduced n×(n+r) F–matrix V , with r ≥ 2, a chamber γ ∈
AΓ(V ) is maximally bordering if and only if the associated Q–factorial projective
toric variety X(Σγ) is a finite abelian quotient of a toric cover Y (Σ̂) of a weighted
projective toric bundle PW (E). In particular the quotient map Y  X gives a Galois
covering ramified in codimension ≥ 2, whose Galois group is µ(X) and described
as above by a torsion matrix Γ determined as in (34).
Remark 3.5. Recalling § 2.4 and Remark 2.39, given a Q-factorial projective toric
variety X whose fan is associated with a maxbord chamber we find the following
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situation
X = Y/µ Y
universal
1-covering
oo
φ
fake WPS
fibering

f
toric
cover
// PW (E)
ϕ WPTB

X0
f0
finite
// X ′
In particular starting from a fan matrix V of X, both the universal 1-covering and
the right hand side composition of toric morphisms ϕ ◦ f are explicitly described.
Remark 3.6. Notice that the previous Theorem 3.4 provides a definitive answer to
the question left open in Remark 2.20, about the the geometric interpretation of
the toric variety X(Σ) constructed from a fan Σ generated by fibred cones as in
Prop. 2.16 and admitting a fan matrix as in (15) which is a F non-CF matrix.
Theorem 3.7. Let V be a reduced n×(n+r) F–matrix and X(Σ) be a Q–factorial
projective toric variety, with Σ ∈ PSF(V ). Then X is a toric flip of a finite abelian
quotient X ′ of a toric cover Y ′  PW (E) of a WPTB if and only if Mov(V ) is
maxbord w.r.t. an hyperplane H ⊆ F rR. In particular:
(1) calling Y the PWS giving the universal 1-covering of X, as in Theorem 3.2,
the toric flip X 99K X ′ uniquely lifts to giving a toric flip Y 99K Y ′ between
1-coverings and giving rise to the following commutative diagram
Y //

Y ′

X // X ′
in which vertical maps represent Galois coverings ramified in codimension
≥ 2, both with Galois group µ(X) = µ(X ′) and both described by a same
torsion matrix Γ determined as in (34);
(2) X ′ has associated chamber γ′ ⊆ Mov(V ) ⊆ Q which is maxbord w.r.t. the
hyperplane H;
(3) the finite abelian quotient Y ′  X ′ is described by the previous Theorem
3.4.
Theorem 3.8. A Q–factorial projective variety X(Σ) is a finite abelian quotient
of a PWS, say Y , which is produced from a toric cover of a WPS by a sequence of
toric covers of WPTB’s if and only if the corresponding chamber γΣ is recursively
maxbord. In particular the quotient map Y  X gives a Galois covering ramified
in codimension ≥ 2, whose Galois group is µ(X) and described by a torsion matrix
Γ determined as in (34).
As above, let V be a reduced F–matrix, Q = G(V ) be a positive, REF, W–
matrix and V̂ = G(Q) be a CF–matrix. Let X(Σ) be the Q–factorial projective
toric variety given either by the choice of a fan Σ ∈ PSF(V ) or by the choice of a
chamber γ = γΣ ∈ AΓ(V ). Let Y (Σ̂) be the PWS giving the universal 1-covering
of X, which is Σ̂ = Σ̂γ ∈ PSF(V̂ ). Let P = {VP }, for some P ⊆ {1, . . . , n + r},
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be a nef primitive collection for Σ. Then P̂ := {V̂P } is such that P∗ = P̂∗ ∈ Q(1)
meaning that P̂ is a nef primitive collection for Σ̂ if and only if P is a nef primitive
collection for Σ. Then:
κ := rZ(P) ∈ A1(X) ∩ NE(X) is a numerically effective primitive relation
for Σ if and only if κ̂ := rZ(P̂) ∈ A1(Y )∩NE(Y ) is a numerically effective
primitive relation for Σ̂.
In the following, the class κ̂ is called the universal lifting of κ.
Theorem 3.9. Let V be a reduced n×(n+r) F–matrix and Σ ∈ PSF(V ). Assume
that there exists a primitive collection P for Σ whose primitive relation κ = rZ(P)
is numerically effective. Then the universal lifting κ̂ of κ is either contractible or
pseudo–contractible if and only if one of the following equivalent conditions occurs:
(I) γΣ is a maxbord chamber,
(II) for every primitive collection P ′ 6= P, for Σ, then P ′ ∩ P = ∅.
In particular, κ̂ is either contractible or pseudo–contractible depending on which
condition in the statement of Theorem 2.38 is satisfied.
Example 3.10. Let us consider the following 4× 7 matrix
V =

9 11 13 −33 9 44 −97
10 12 14 −36 10 48 −106
54 63 75 −192 51 258 −567
310 365 430 −1105 295 1485 −3265

First of all we need to understand if V is a F–matrix: if this is the case then V is
a reduced F -matrix since the gcd of entries in every column is always 1.
A matrix UV ∈ GL7(Z) such that HNF(V T ) = UV · V T is given by
UV =

−4 0 1 −1 −1 0 0
9 2 5 7 7 0 0
3 −4 5 2 2 0 0
−1 1 −2 −1 −1 0 0
−1 −1 −1 −1 0 0 0
−1 −1 0 1 1 1 0
3 3 1 −1 −1 0 1

whose bottom three rows give the matrix
3UV =
 −1 −1 −1 −1 0 0 0−1 −1 0 1 1 1 0
3 3 1 −1 −1 0 1
 ∼
 1 1 1 1 0 0 00 0 1 2 1 1 0
0 0 0 0 1 2 1
 =: Q
Notice that the equivalence 3UV ∼ Q is realized by means of the matrix
M =
 −1 0 0−1 1 0
1 2 1
 ∈ GL3(Z) : Q = M · 3UV
Since Q = G(V ) is a reduced W–matrix then V is a reduced F–matrix by [22,
Prop. 3.12(2)]. In particular Q is the same positive REF W–matrix of Example
2.43, meaning that V̂ = G(Q) is given by matrix V in Ex. 2.43. Therefore we have
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a unique maxbord chamber given by
γ8 = 〈q1 = q2,q3,w〉 =
〈
1 1 1
0 1 1
0 0 1
〉
which is also a recursively maxbord chamber: we are then in the situation described
by Theorem 3.8. Calling Σ ∈ PSF(V ) and Σ̂ ∈ PSF(V̂ ) the corresponding fans,
the covering Y (Σ̂) is given by the PWS X(Σ8) described in Ex. 2.43 i.e.
Y
2:1
f
// P(1,2,1) (OS(2h)⊕OS(f + 2h)⊕OS(f))
ϕκ˜ S ∼= P (OP1 ⊕OP1(1)) P1
where f, h are the generators of Pic(S) given by the fibre and the pull–back of
the Picard generator OP1(1) of the base P1, respectively, and κ˜ = f(κ) is the
contractible class image of the pseudo–contractible class κ which is the numerically
effective primitive relation given by the bottom row of Q: recalling Theorem 3.9,
κ is the universal lifting of the primitive relation rZ(P), associated with the nef
primitive collection P = {v5,v6,v7} for Σ.
Let us here better describe the toric cover f : Y
2:1 PW (E), where W = (1, 2, 1)
and E = OS(2h) ⊕ OS(f + 2h) ⊕ OS(f). Both Y and PW (E) are PWS, meaning
that they can be completely described as Cox geometric quotients by means of W–
matrices Q and Q˜ given in Ex. 2.43. Let us denote by Z ⊆ C7 the zero-locus of the
irrelevant ideal associated with the fan Σ (see [8] for further details) then:
• Y is the geometric quotient obtained by the following action of (C∗)3
g : (C∗)3 × (C7 \ Z) −→ (C7 \ Z)
defined by setting
g ((t1, t2, t3), (x1, . . . , x7)) :=
(
t1 x1, t1 x2, t1t2 x3, t1t
2
2 x4, t2t3 x5, t2t
2
3 x6, t3 x7
)
• PW (E) is the geometric quotient obtained by the following action of (C∗)3
l : (C∗)3 × (C7 \ Z) −→ (C7 \ Z)
defined by setting
l ((s1, s2, s3), (y1, . . . , y7)) :=
(
s1 y1, s1 y2, s
2
1s2 y3, s1s
2
2 y4, s2s3 y5, s2s
2
3 y6, s3 y7
)
• calling [X1 : . . . : X7] and [Y1 : . . . : Y7] the associated homogeneous
coordinates on Y and PW (E), respectively, and recalling matrices A−1 and
B in (30), the toric cover f is given by setting:
Yi = Xi for i = 1, 2, 4, Yj = X
2
j for j = 3, 5, 6, 7.
One can easily check that the latter is consistent with the given actions g
and l.
Finally we need to describing the finite quotient Y  X to ending up the geometric
description of the Q–factorial projective variety X(Σ) as given in Thm. 3.4. For
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this purpose we have to determine the torsion matrix Γ as in (34). Then
H = HNF (V ) =

1 0 0 −1 10 −8 6
0 1 0 −1 27 −25 23
0 0 1 −1 24 −23 22
0 0 0 0 30 −30 30

U =

−13 36 7 −2
−26 92 16 −5
−22 83 17 −5
−30 105 20 −6
 ∈ GL4(Z) : U · V = H
Ĥ = HNF
(
V̂
)
=

1 0 0 −1 0 2 −4
0 1 0 −1 0 2 −4
0 0 1 −1 0 1 −2
0 0 0 0 1 −1 1
 = V̂ =⇒ Û = I4
By [22, Prop. 3.1(3)] there exists β, βH ∈M(4, 4;Z) ∩GL(4,Q) such that V = βV̂
and H = βHĤ. Namely
βH =

1 0 0 10
0 1 0 27
0 0 1 24
0 0 0 30
 =⇒ β = U−1 · βH · Û =

9 11 13 9
10 12 14 10
54 63 75 51
310 365 430 295

Therefore ∆ = SNF(β) and µ, ν ∈ GL4(Z) : ∆ = µ · β · ν are given by
∆ = diag(1, 1, 1, 30) =⇒ Tors(Cl(X)) ∼= Z/30Z and s = 1
µ =

−1 1 0 0
14 −18 1 0
8 −22 −3 1
−30 105 20 −6

ν =

1 −1 4 20
0 1 −5 −27
0 0 1 6
0 0 0 1

Define
V̂ ′ = ν−1 · V̂ =

1 1 1 −3 1 4 −9
0 1 5 −6 −3 10 −17
0 0 1 −1 −6 7 −8
0 0 0 0 1 −1 1

V ′ = µ · V =

−1 1 0 0 0 0 0
14 −18 1 3 0 −7 14
8 −22 −3 17 1 −32 63
−30 105 20 −95 −6 176 −346

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Then V ′ = ∆V̂ ′, as in item (1) of Remark 3.3. A matrix UQ ∈ GL7(Z) such that
UQ ·QT = HNF(QT ) is given by
UQ =

1 0 0 0 0 0 0
−2 1 1 0 0 0 0
3 −2 −1 0 1 0 0
3 −2 −2 1 0 0 0
−1 1 0 0 0 0 0
−4 3 1 0 −2 1 0
−3 2 1 0 −1 0 1

so giving
U =
(
3UQ
V̂ ′
)
=

1 0 0 0 0 0 0
−2 1 1 0 0 0 0
3 −2 −1 0 1 0 0
1 1 1 −3 1 4 −9
0 1 5 −6 −3 10 −17
0 0 1 −1 −6 7 −8
0 0 0 0 1 −1 1

.
The next step is finding W ∈ GL7(Z) such that W · ( 6U)T = HNF(( 6U)T ), which
is given by
W =

1 1 1 1 0 0 0
0 0 1 2 1 1 0
0 0 0 0 1 2 1
0 46 −46 −99 46 153 106
0 2 −2 −5 2 7 5
0 38 −38 −82 38 127 88
0 47 −47 −102 47 157 109

.
Since s = 1 the matrix G turns out to be the product of the last rows of V̂ ′ and
W , rspectively, so giving G = UG = (−1) ∈ GL1(Z). Therefore the torsion matrix
Γ is obtained by taking the reduction mod 30 of the opposite of the last row of W ,
that is
Γ =
(
[0]30 [13]30 [17]30 [12]30 [13]30 [23]30 [11]30
)
.
Therefore the finite quotient giving X is obtained by the following action of µ30 =
Hom(Tors(Cl(X)),C∗) on Y
k : µ30 × Y −→ Y
(ε, [X1 : . . . : X7]) 7→ [X1 : ε13 X2 : ε17 X3 : ε12 X4 : ε13 X5 : ε23 X6 : ε11 X7]
Equivalently X can be obtained as a Cox geometric quotient by the following action
k ◦ g : ((C∗)3 ⊕ µ30)× (C7 \ Z) −→ (C7 \ Z)
defined by setting
k ◦ g ((t1, t2, t3), (x1, . . . , x7)) :=(
t1 x1, ε
13t1 x2, ε
17t1t2 x3, ε
12t1t
2
2 x4, ε
13t2t3 x5, ε
23t2t
2
3 x6, ε
11t3 x7
)
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and giving the following geometric picture
C7\Z
pik◦pig
}}
pig

φ // C7\Z
pil

X Y
30:1
pik
oooo 2:1
f
// // PW (E) ϕκ˜ // // P (OP1 ⊕OP1(1)) // // P1
where pig, pik, pil are the quotient maps associated with the actions g, k, l, respec-
tively, and the map φ is given, recalling (30), by the exponential action of matrices
BT and (A−1)T on the coordinates of C7 and of the acting (C∗)3, respectively.
As already observed for the toric cover Y in Ex. 2.43, also the F–matrix V admits
seven further projective and simplicial fans different from Σ, i.e. |PSF(V )| = 8.
By Theorem 3.7, for every Σ′ ∈ PSF(V ) if Σ′ 6= Σ then X ′ = X ′(Σ′) is a toric
flip of X(Σ). Moreover, since γ′ = γ′Σ′ is not a maxbord chamber, Theorem 3.4
guarantees that X ′ cannot admit a universal 1–covering PWS which is either a
WPTB or a toric cover of a WPTB.
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